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Abstract

The analysis of financial crisis features is fundamental for the systemic
risk assessment and prevention of events in the future. This study, pro-
poses the use of an Evolutionary Game Theory, a novel approach that
has no antecedents in the analysis of financial distress, in order to iden-
tify clusters (called dominant sets) of strongly interconnected firms in
financial networks. The members of these dominant set are character-
ized by their high exposure to contagion risk, thus their identification
will be indubitably useful to orientate financial policies. Moreover, the
sequential analysis of the networks generates a set of financial market
dislocation indicators that can be used as an alternative to the network
density, a measure of systemic risk recently proposed in the literature.
The methodology was applied on the analysis of a dynamic dataset
of Pairwise Granger-causality networks constructed with some asset
returns of the European Stock Market, where the indicators obtained
based on dominant sets found revealed to be e�ective in predicting
banking crises and describing the financial stability conditions in the
Euro area.
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Chapter 1

Introduction

The consequences of the most recent financial crisis experienced in 2008, such
as the bankruptcy or disappearance of important financial institutions like Bear
Stearns, Lehman Brothers, Merril Lynch and Wachovia Bank, have shown that
a financial risk loving position can imply a real threat for the global financial
stability [Magkonisa and Tsopanakis, 2016]. In particular, this phenomenon has
motivated central banks and academics to propose methodologies in order to mea-
sure systemic risk and look for the the development of early warnings that allows
countries to avoid such events or reduce their consequences in the global economy
[Chau and Deesomsak, 2014].

Systemic risk is defined as “any set of circumstances that threatens the stability
or public confidence in the financial system” [Billio et al., 2012]. Other alternative
definitions are “a risk of disruption to financial services that is (i) caused by an
impairment of all or parts of the financial system and (ii) has the potential to have
serious negative consequences for the real economy”, proposed by [BIS et al., 2009],
and “the risk that an event will trigger a loss of economic value or confidence in,
and attendant increases in uncertainly about, a substantial portion of the financial
system that is serious enough to quite probably have significant adverse e�ects on
the real economy”, provided by [G10, 2001] in the Report on Consolidation in the
Financial Sector. In the light of these definitions and the term itself, that includes
the word “system”, it turns out to be natural that the strategies meant to measure
the risk involved in the financial system consider it as a set of interconnected agents
or a network.

The strategies to measure the interrelation between financial institutions has
caught the interest of researchers during the last years due to the fact that its
dynamic can potentially represent an accurate method that follows closely the
level of systemic risk in the financial market. In particular, these analysis have
pointed out that during financial turbulence periods the connectedness between
financial institutions immediately increases [Diebold and Yilmaz, 2014].
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Particularly, [Billio et al., 2012] measured connectedness using two approaches:
the density of a dynamic Pairwise Granger-causality network, constructed with
the return of the assets, and the variance explained by a subset of Principal Com-
ponent obtained also from the returns of the assets. On the other hand, [Diebold
and Yilmaz, 2014] adopted a VAR model between the volatility of the returns that
provides as a result dynamic weighted directed graphs. Other alternative method-
ologies use supply-customer relations between firms to construct regular networks
(see for instance [Signori and Gençay, 2012] ) or cascade network structures that
represent how shocks in some sectors in the economy propagate (see [Acemoglu
et al., 2010]). Nevertheless, the disadvantage of this last two approaches is the
di�culty to obtain the accounting data from the firms.

Similarly, a recent study made by [Huanga et al., 2016] analyses the systemic
risk contribution of financial institutions, the factors of this contribution and the
contagion in the Chinese stock market using �CoV ar and dynamic conditional
correlation to find dynamic minimum spanning trees (MST) of stock price cross-
correlation. Furthermore, [Magkonisa and Tsopanakis, 2016] proposes a method-
ology to measure the financial and fiscals transmission stress of the economies of
Canada, Germany, Japan, United Kingdom and United States using indexes that
reflect the financial and fiscal stress and VAR.

Concerning early warnings for the financial system, it is possible to highlight
the approach proposed by [Babeck˝ et al., 2012]. This work analyses banking,
debt and currency crisis in forty developed economies between 1970 and 2010 and
applies Bayesian Model Averaging (BMA) over thirty possible early warnings iden-
tified. Moreover [Alessi and Detken, 2014] provide an early warning indicator for
the banking system based in a Random Forest method that creates in the end
decision trees for the sake of the generation of warnings with certain probability.
Consequently, [Billio et al., 2015] introduced some entropy measures based on the
cross-sectional distribution of marginal systemic risk measures such as Marginal
Expected Shortfall, �CoV ar and node degree in the financial network. The au-
thors provide some empirical evidence of the ability of these entropy measures in
predicting banking crises.

Other studies concerning early warnings can be seen in [Oeta et al., 2013], where
a hybrid model based on macro and microprudential early warning systems is in-
troduced. Similarly [Jobst, 2013] uses non parametric methods in pursuance of the
estimation of changes in the dependence structure as a reaction to common shocks
in the financial sector, having in mind that these responses vary across individual
risk profiles. [Betza et al., 2014] introduces early warnings based on bank-specific
vulnerabilities and indicators for macro-financial imbalances at a bank and country
level for banking distress (bankruptcy, default, state interventions and mergers)
in Europe. This model is calibrated according to the policy maker’s preferences
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and the systemic relevance of the financial institution. Furthermore [Zigraiovaa
and Jakubikb, 2015] propose early warnings with di�erent horizons for developed
and developing countries, selecting them from a set if variables using a logistic
regression and BMA.

This study follows the same approach proposed by [Billio et al., 2012], in ex-
tracting the Pairwise Granger-causality network, and it tries to establish if some
subsets of the financial institutions, represented by nodes, can be analyzed instead
of the entire network when it comes to estimate the systemic risk of the financial
system. Since Pairwise Granger-causality reflects contagion between agents, these
sets have to be highly connected among them such that the e�ect of failure in one
financial institution is faced also in some proportion by the rest of the companies
integrating the set. To identify such clusters, a methodology based on Evolu-
tionary Game Theory is used, where the sets detected are characterized by high
internal connectedness within the group and a low connection level with external
nodes1.

Besides, the clustering methodology does not consider a clustering problem as
a partition into consistent groups since its aim is to identify coherent classes that
might or might not include all the nodes of the graph avoiding the creation of
“poorly coherent clusters or spurious classes” [Pelillo and Rota-Bulò, 2014]. This
feature di�ers from the traditional idea of clustering that has been tackled with
techniques such as k-means, agglomerative hierarchical clustering, decision trees
(for further details see [Rokach and Maimon, 2005]). In addition, the technique
does not require to set the number of clusters a priori, it is able to take into account
asymmetric a�nities between objects and the membership of an object to multiple
clusters at the same time is allowed2. This technique has been widely applied
in computer vision, specifically in problems such as image segmentation [Torsello
et al., 2008], shape recognition [Rota-Bulò et al., 2009], line clustering, model-based
3D point-pattern matching, object detection, illuminant-invariant face clustering
[Pelillo and Rota-Bulò, 2014]; in word sense disambiguation [Tripodi et al., 2014];
and in medicine for landmark-based image segmentation [Ibragimov, 2012] and
brain community detection [Yoldemir et al., 2016].

Even though the evolutionary game theory clustering has not been used to
study systemic risk so far, the notion of dominant sets can be useful to analyze
systemic risk since it allows for decomposing the network in either overlapping
or non overlapping sets of nodes characterized by di�erent contagion features. It

1This is compatible with the features of a cluster as it will be seen in Chapter 2: a set
of objects into groups that are similar among each other and dissimilar to the other objects
according to certain similarity measure [Pelillo and Rota-Bulò, 2014]

2A membership to multiple clusters is also possible using fuzzy clustering techniques, that
assign a level of membership of every object to each cluster identified. See [Rokach and Maimon,
2005]
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allows also for extracting some statistics that might capture systemic risk dynamic
and reveal predictive power to forecast financial distress.

This thesis is organized as follows: Chapter 2 presents the explanation of the
equivalence between the clustering problem in graphs with the problem of find-
ing Evolutionary Stable Strategies (ESS) in two-player symmetric games. This
last problem is solved by the Replicator Dynamics, but some variations to the
algorithms are implemented according to the features of the networks in finance.
Chapter 3 motivates the use of clustering in unweighted directed graphs in the
quantification of the systemic risk. Chapter 4 provides the empirical analysis de-
veloped for some financial institutions in Europe over 1996-2013 and Chapter 5
presents the final conclusions.
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Chapter 2

Graph Theory and Dominant Sets

This chapter presents some basic notions in graph theory and the clustering prob-
lem in networks, that has di�erent instances according to the network character-
istics. In addition, it discusses its relation with the Evolutionary Stable Strategies
in a two-player symmetric game, found using the Replicator Dynamics (also in-
troduced in the chapter). Some variations of the algorithm are considered due
to the features of the clusters expected (overlapping or non overlapping and the
type of connections that they have with external nodes) and e�ectiveness of the
approximations made in simulated data similar to the one used for the empirical
analysis in Chapter 4. Finally, a decomposition of the similarity matrix of a graph
is presented with some indicators representing the network topology that depend
on the clusters identified.

2.1 Clustering in graphs

2.1.1 Notation

A graph G is denoted as G = (V, E), where V represents the set of vertex and E is
the set of edges such that E ™ (V ◊ V ). G is represented by an adjacency matrix
A where

A
ij

=

Y
___]

___[

1 if (i, j) œ E

0 otherwise

(2.1)

for j = 1, 2, ..., n, where n is the cardinality of V . The transposed of a matrix
A is denoted as AÕ.
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2.1.2 Notion of cluster

The notion of clusters has taken the attention of academics, not only in computer
science, but also in philosophy. In the literature, it has been typically reduced
to a partitioning problem [Pelillo and Rota-Bulò, 2014], where each objects must
belong to one coherent class1 or to multiple sets with certain membership level m œ
[0, 1] (see for instance solutions proposed by fuzzy and probabilistic or overlapping
clustering [Rokach and Maimon, 2005]). Although there is not a formal definition
of cluster, almost all the literature agrees on its main characteristics: the internal
cohesion and external isolation [Everitt et al., 2011].

The representation of the objects to be clustered by a similarity or dissimilarity
matrix A leads to the construction of graphs where the objects are represented by
vertex and the similarity or dissimilarity is represented by edges and the intensity
of the relation can be specified (weighted graphs) or not (unweighted graphs). This
measures can also be either symmetric, i.e. the similarity of i to j is the same that
the similarity of j to i, or asymmetric.

2.1.3 Maximal clique problem

In the specific case where A is a symmetric binary matrix and, as a consequence,
the correspondent graph is undirected, the clustering problem is reduced to the
Maximal Clique Problem (MCP). A clique is a set of completelly connected nodes
and, a maximum clique is a clique that cannot be enlarged and a maximal clique
is a maximum clique with the largest cardinality. The MCP has been classified as
an NP-Complete problem thus possible solutions are generated by using approxi-
mation methods [Rota-Bulò et al., 2009].

In order to find maximum clique of a graph G, the following constrained
quadratic problem is used:

maximize f
–

(x) = xÕ(A + –I)x
subject to x œ �

(2.2)

given that “for 0 < – < 1, the local maximizers of the constrained quadratic
problem 2.2 are strict and are in one-to-one relation with the characteristic vectors
of the maximal cliques of G” [Rota-Bulò et al., 2009], where the characteristic

1From the partitioning point of view, there is a growing interest in spectral clustering and
variations of the technique (See for instance [Smith et al., 2013]) due to its outperforming results
compared with traditional methods such as k-means. For a detailed characterization of the
technique, see [von Luxburg, 2007]
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vector of a subset of vertex C is such that

xC

i

=

Y
___]

___[

1
|C| if i œ C

0 otherwise

(2.3)

and where � µ Rn is the standard simplex of the n-dimensional-Euclidean
space

� =
I

x œ Rn :
nÿ

i=1
x

i

= 1, x Ø 0
J

(2.4)

2.2 Evolutionary game theory and clustering
In a more general perspective of graphs, an approximated solution for the clustering
problem can be obtained using an Evolutionary Game Theory approach. From this
perspective, the adjacency matrix A

n◊n

1 represents the payo� of a player u(i, j)
in a symmetric-two-player game when she plays strategy i and her competitor
plays strategy j2, thus the set of pure strategies of every player is the set O =
1, 2, 3, 4, ..., n. Notice that a pure strategy is a vertex of the standard simplex 2.4.

In this section, this approach is going to be introduced for the MCP in undi-
rected unweighted graphs and generalized to the equivalent problem in directed
unweighted graphs, that was used for the empirical analysis in Chapter 43.

2.2.1 Approximation of the MCP

In Evolutionary game theory, the hypothetical scenario of a symmetric two-players
game is played repeatedly by opponents drawn from a large population is consid-
ered. They are not supposed to behave rationally and play strategies that had
been set a priori. The competitors do not have a full knowledge of the dynamic of
the game either. Over time, an evolutionary strategy selection process is executed,
thus the players whose strategies provide the lowest payo� are driven out while the
ones that are programmed to play the fittest strategies survive [Weibull, 1995].

In order to understand the formulation of the MCP from the evolutionary game
theory point of view, it is essential to remind some essential concepts [Rota-Bulò
et al., 2009] [Weibull, 1995]:

1
An◊n can be asymmetric and its elementsaij can take any value in R.

2Symmetric game does not imply symmetrical adjacency matrix. A normal form game is
said to be symmetric if the role of the players cannot be distinguished, thus the players are
given the same set of strategies S. In other words, if the game involves only two players,
u1(s1, s2) = u2(s2, s1) ’(s1, s2) œ S and, as a consequence, the first player has a payo� matrix
P1, the payo� matrix of its opponent satisfies P2 = P

Õ
1 [Slantchev, 2008].

3For the clustering problems on directed weighted graphs, see [Pavan and Pelillo, 2007] and
[Torsello et al., 2008].
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• Mixed strategy x = (x1, x2, ...x
n

)Õ: a probability distribution for the strate-
gies in O. In other words, every element x

i

, i œ 1, 2, 3, ..., n represent how
likely is the player to play strategy i from the options available.

• Support of x œ �: is the set ‡(x) = i œ O such that x
i

> 0.

• Expected payo�: is the expected value of a payo� that a player should
receive playing a pure strategy i œ O against a mixed strategy x played by
her opponent is q

n

j=1 a
ij

x
j

. If the player plays a mixed strategy y, the payo�
is given by q

n

i=1
q

n

j=1 y
i

a
ij

x
j

= yÕAx.

• Mixed best reply y to a mixed strategy x: is the strategy such that @ another
strategy that provides a higher payo� for player i when her competitor plays
y, i.e. the set of best replies B(x) to x is given by:

B(x) = y œ �yÕAx = max
z

zÕAx

• Nash equilibrium: a mixed strategy is a Nash equilibrium if it is a best reply
to itself, i. e. x œ B(x) or yÕAx Æ xÕAx ’y œ �. Notice that a pair of
mixed strategies (x, y) where x œ B(y) and y œ B(x), is a Nash equilibrium.
Nevertheless, since the hypothetical two-player game is symmetric, one can
not distinguish between the players and thus the Nash equilibrium has to be
writen as a pair (x, x) [Rota-Bulò and Bomze, 2011].

• Evolutionary Stable Strategy (ESS): the mixed strategy x is an ESS if it is a
Nash equilibrium (equilibrium condition for ESS) and ’z œ B(x) such that
zÕAx = xÕAx, xÕAz > zÕAz (stability condition) [Smith, 1982].

In [Rota-Bulò et al., 2009], the authors showed the equivalence of the maxi-
mization problem in Equation 2.2, connected to the MCP (see Section 2.1.3), with
the problem of finding ESS. As a consequence, the objective becomes looking for
ESS in a symmetric two-player game rather than local solutions for the quadratic
problem 2.2.

2.2.2 Approximation of the MCP in directed graphs

The generalization of a clique in a directed graph leads to the definition of a
double-link saturated clique:

Definition 2.1 A double-linked saturated clique of G is a set S ™ V such that
’u, v œ S, (u, v) œ E and (v, u) œ E and @ t œ V \ S such that ’s œ S, (t, s) œ E

[Rota-Bulò et al., 2009].
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As in the undirected unweighted graphs case, the aim becomes looking for ESS
instead of approximations to solve the quadratic optimization problem 2.2, i.e find
double-linked saturated cliques of the graph G. This can be claimed from Theorem
2.2. Nevertheless, the Theorem holds for values of – such that 0.5 6 – < 1 [Rota-
Bulò et al., 2009]

Theorem 2.2 Let G=(V,E) be a directed graph with adjacency matrix A and
0.5 Æ – Æ 1. A vector x œ � is an ESS for a two player game with payo� matrix
B = A+–I

n

if and only if it is the characteristic vector of a saturated double-linked
clique of G (For the proof of the Theorem, see [Rota-Bulò et al., 2009]).

2.3 Replicator dynamics algorithm
A generalized methodology used to find ESSs in two-player symmetric games is
the Replicator Dynamics. As it was seen in Section 2.2.1, the Evolutionary Game
Theory pictures a hypothetical scenario where individuals are pre-programed to
play certain strategy and are drown over and over again to play a two-player sym-
metric game without having any knowledge of its characteristics. Originally the
Replicator Dynamics was conceived to for games where the individuals could only
be programmed with pure strategies, nevertheless a mixed strategy is interpreted
as a the probability distribution of pure strategies in a population [Weibull, 1995].
The dynamic of the selection process that ends up with the fittest strategies in
Evolutionary Game Theory is modeled through the following system of di�erential
equations:

dx
i

dt
= x

i

S

U
nÿ

j=1
a

ij

x
j

≠ xÕAx

T

V , for i œ 1, 2, 3, ..., n (2.5)

Where x(t) represents the population state at time t.
This principle behind Equation 2.5 is that the subpopulations playing strategies

with higher payo�s q
n

j=1 a
ij

x
j

compared with the population mean payo� xÕAx

grows faster, while the ones with a lower than average payo� decline [Weibull,
1995]. In discrete time, Equation 2.5 is written as:

x
(t+1)
i

= x
(t)
i

q
n

j=1 a
ij

x
(t)
j

x(t)ÕAx(t) (2.6)

The strategies, in both continuous and discrete case, stay in the standard
simplex 2.4. Additionally a point x is said to be stationary if dx

dt

= 0 in 2.5 or,
in the discrete case, x

(t+1)
i

= x
(t)
i

and, if any trajectory starting near a stationary
point x converges to x as t æ Œ the stationary point is asymptotically stable.
Moreover if x is a stationary point in the continuous time if and only if x is a
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stationary point in the discrete time.
It becomes possible to retrieve SSE through the Replicator Dynamics for two

main reasons:[Weibull, 1995] [Rota-Bulò et al., 2009]:

1. If the replicator dynamics starting in the interior of the standard simplex
converges to a point x then x is a Nash equilibrium of a two-player symmetric
game with payo� A + –I, and since the Nash Equilibria are a superset of
ESSs (see definition of ESS in 2.2.1), then there is a possibility that a Nash
Equilibria is a ESS.

2. If x is an asymptotically stable point of the Replicator Dynamics then x is a
Nash equilibrium. Besides, if x is an evolutionary stable point of the Repli-
cator Dynamics then x is asymptotically stable point under the continuous
time Replicator Dynamics. The converse is not always true, but it could
happen that an asymptotically stable point is an evolutionary stable one.

In practice, the Replicator Dynamics algorithm is applied as it is shown in
Algorithm 1:

Algorithm 1 Replicator Dynamics
A Ω Adjacency matrix
x Ω starting point of the algorithm in �
epsilon Ω minimum distance between x(t+1) and x(t+1) to be considered approx-
imately equal
iterΩ maximum number of iterations admitted
distanceΩ1
count Ω 0
while distance > epsilon and count < iter

x(t+1) Ω x·Ax

(t)

x

(t)Õ
Ax

(t)

distance Ω |x(t+1) ≠ x(t)|
count Ω count+1

end while
Return x

2.4 Multiple cluster extraction
As it was seen in Section 2.2, the approximation of a cluster or dominant set can
vary according to the type of graphs. In this section, the problem is extended to
the extraction of multiple dominant sets in directed and indirected and directed
graphs (in both cases unweighted), thus the algorithms applying Evolutionary
Game Theory are introduced1.

1To see an application in weighted graphs, see [Torsello et al., 2008]
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2.4.1 Indirected unweighted graphs

When the purpose is the enumeration of multiple overlapping dominant sets or
cliques in an unweighted graph G = (V, E) with adjacency matrix A, the execution
of the following steps provides an approximation [Rota-Bulò et al., 2009]:

1. A dominant set D ™ V is found using the Replicator Dynamics algorithm
(See Algorithm 1) starting from a point near the barycenter1 of the standard
simplex of the n-dimensional Euclidean space � (see 2.4).

This dominant set is an Evolutionary Stable Strategy (ESS) x of a two
player symmetric game with payo� matrix A+–I

n

. At the same time, x

characterizes a vector of a double-linked clique of the graph represented by
the adjacency matrix A according to Theorem 2.2.

2. The dominant set D retrieved in step 1 is forced not to be saturated any-
more, i.e. a new node p such that ’u œ D, (p, u) œ E and ’m œ V \ D,
(m, p) œ E is added to the directed version of the graph. This new graph is
named a �≠extension G� of G. As a consequence the vector x is not the
characteristic vector of a saturated double-linked clique and thus not longer
a asymptotically stable. In particular the new node added characterizes a
pure strategy z that is a best reply to x but no other ESS [Rota-Bulò et al.,
2009].

3. The replicator dynamics algorithm is applied to G�. If a new ESS y is found
in this new graph, it is a characteristic vector of a new maximal clique in G
according to Theorem 2.3. Step 2 is executed again, starting from a point
near the barycenter of the standard simplex in Rn+1.

Theorem 2.3 [Rota-Bulò et al., 2009] “Let G = (V, E) be an undirected
graph, � be a set of maximal cliques of G and M be the adjacency matrix
of the � ≠ extension G� of G. Let � be a two-player symmetric game with
payo� matrix M + –I(n+1) with 0.5 Æ – Æ 1. Then x is an ESS equilibrium
of � if and only if it is the characteristic vector of a maximal clique of G not
in �” (for the proof of the Theorem, see [Rota-Bulò et al., 2009]).

Since the number of maximal cliques is assumed to be unknown a priori, the
stopping criteria for the algorithm is the fulfillment of at least one of the following
conditions:

1The barycenter is defined as a point belonging to the standard simplex defined in Equation
2.4 such that ’ i œ 1, 2, 3, ...n xi=

1
n

. The starting point is generated by creating a vector whose
elements are equal to 1+”z where z is a standard normal random variable truncated on

!
≠ 1

” , +Œ
"

distributed standard normal and ” is a small number. Hence, each element of the vector x is
normally distributed with mean 1 + ” and variance ”

2. In order to make the summation of the
elements 1, each of them is divided by the sum of the vector. In the results provided ” = 0.01.
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• All the nodes have been allocated to one dominant set or maximal clique.

• The algorithm has been iterated |V | times, where |V | indicates the cardinality
of the set of vertex V .

2.4.2 Directed unweighted graphs

In this application, the original steps described in Section 2.4 should be followed.
Nevertheless, the analyst have to have in mind some important aspects concerning
the structure of the graph and the approximated solution to the clustering problem
expected. In the directed graphs case, the adjacency matrix can be non symmetric,
thus it is important to understand the interpretation of the edges of the graphs
in order to characterize the inputs and outputs of the algorithm as it is seen in
Section 2.6.

A node i is positively compatible with node j if (i, j) œ E. As a consequence
a cluster in an unweighted graph with asymmetric similarity matrix is a subset
S ™ V such that the internal nodes are “mutually compatible and low external
compatible” [Torsello et al., 2006]. The internal compatibility can be seen as the
directed version of a clique (see Definition 2.1), while the low external compatibility
is covered with the saturation condition.

(a) (b)

Figure 2.1: Graph with non-symmetric a�nity matrix A and the graph represented
by the a�nity matrix AÕ

Moreover, in the non-symmetric adjacency matrix case, the adjacency matrix
transposition leads to di�erent results when it comes to look for a dominant set.
Notice for instance that in the directed graph presented in Figure 2.1 (a), {1, 2, 3}
is not a dominant set even if it is a double-linked clique due to the fact that is not
saturated (there is an edge from 4 to each of its elements), therefore {3, 4} is a
double-linked saturated clique. On the other hand, in Figure 2.1 (b) {3, 4} is not
a dominant set since there exist at least one node c (it could be either 2 or 1) such
that (c, 3) œ E and (c, 4) œ E, hence the dominant set is {1, 2, 3}. Furthermore
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opting for keeping the original adjacency matrix A or transposing it depends on
the aim of the clustering problem.

Furthermore, if the transposed similarity matrix is used, then a dominant set
S ™ V of a graph G will be a saturated double-linked clique such that ’u, v œ
S, (u, v) œ E and (v, u) œ E and there is no t œ V \ S such that ’s œ S, (s,t) œ E"
[Torsello et al., 2006]. In this application, the original steps described in Section
2.4 should be followed.

2.4.3 Non overlapping clusters

By definition, the methodology based on Evolutionary Game Theory proposed
used to approximate the clustering problem in graphs returns overlapping clusters.
Nevertheless, if the aim is to look for non overlapping clusters, the Replicator
Dynamics can be used as follows [Pavan and Pelillo, 2007]:

1. Find a dominant set D ™ V of the graph G = (V, E) using the Replicator
Dynamics Algorithm (see Algorithm 1) starting at the barycenter of the
standard symplex.

2. Eliminate the set of vertex D and go to step 1. Exclude from G the nodes
belonging to the Dominant Set D retrieved in step 1

3. Return to step 1 with the reduced adjacency matrix obtained in step 2.

2.5 Variations of the Replicator Dynamics con-
sidered

After making di�erent tests on simulated networks on some changes that can be
implemented on the Replicator Dynamics in order to get more e�ective results, and
having also in mind the features of the networks in finance where the algorithms
were applied in Chapter 4, (see Appendix A ), the following variations turned out
to be more e�ective finding overlapping dominant sets or clusters:

• Algorithm 1: The Replicator Dynamics algorithm (see Algorithm 1) run |V |
times starting from completely random points.

• Algorithm 2: The algorithm introduced in Section 2.4.1 with the Replicator
Dynamics starting at a completely random point in the standard simplex �.

Moreover, non overlapping clusters1, the transposed version of the adjacency
matrix and the exclusion and inclusion of singletons were also taken into consider-
ation in the simulation studies. The original adjacency matrix is able to capture

1 The non-overlapping algorithm was applied in the Empirical Analysis in Chapter 4 using
10 iterations
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saturated double-linked cliques1 like {A, B, C} in Fig. 2.2 (a) and (b), indicat-
ing that an asset does not directly Granger-cause all the elements of a dominant
set and that it might happen that at least one assets belonging to a dominant
set at time t can Granger-cause the returns of another out of the dominant set.
The replicator dynamics applied to the transposed adjacency matrix can capture
double-linked saturated cliques of the graph G̃ = (Ṽ , Ẽ) with adjacency matrix
Ã = AÕ such as {A, B, C} in Fig 2.2 (c) and (d). These are sets where it might
happen that at least one return of an external asset can Granger-cause at least
one return in a dominant set or at least one node in the set can Granger-cause
specifically one external return on an asset.

(a) (b)

(c) (d)

Figure 2.2: Example of structures of dominant sets that might be identified by the
original adjacency matrix and its transposed version

Intuitively, a cluster is characterized by the elements that compose it: they
are by “all mutually compatible and have low external compatibility” [Torsello
et al., 2006]. Thus, in asymmetric unweighted a�nities the concept of mutually
compatibility leads to the equivalence of a clique in directed graphs and the low ex-
ternal compatibility to the concept of saturation. Nevertheless, in the application
of the Replicator Dynamics and some variations to a simulated dataset in Section
A.2 of the Appendix A , some of the nodes with a high out-degree (singletons)

1A double-linked clique of G is a set S ™ V such that ’u, v œ S, (u, v) œ E and (v, u) œ E.
The clique is saturated if there is no t œ V \S such that ’s œ S, (t, s) œ E
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were retrieved as dominant sets when the simulated networks constructed for the
exercise conceived originally dominant sets of 2 or more vertex. For this reason,
an additional variation taken into account was the inclusion and exclusion of the
singletons as they might either provide some important information concerning
the structure of the graph or could be simply part of spurious approximations.

Finally, twelve di�erent experiment settings were proposed by applying the
structure shown in Figure 2.3.

Figure 2.3: Tree structure showing the variations in the replicator dynamics algo-
rithm adopted for the case of study

Where S indicates singletons inclusion and NS singletons exclusion.

2.6 A density decomposition
In this section, a set of indexes based on the dominant set(s) to be retrieved
from a network are introduced. These indicators might capture some features of
the graphs and can be computed for the 12 di�erent variations of the replicator
dynamics algorithm presented in Figure 2.3.

The notation used is presented as follows:

• n
t

: cardinality of the set of nodes V
t

.

• S
it

: ith dominant set retrieved at time t from the Pairwise Granger-Causality
Network G

t

= (V
t

, E
t

).

• n
Qt

: cardinaliy of the union of dominant sets retrieved from the Pairwise
Granger-Causality Network at time t, i.e.

n
Qt

= |
€

i

S
it

|

According to the notation presented, the adjacency matrix A
t

at time t can be
rewritten as in Fig 2.4, where the top-left block contains the connections between
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the nodes belonging to at least one dominant set retrieved a time t (A
Qt

) and the
one in the right contains the connections form the nodes in the union of dominant
sets to the rest of nodes (A

QRt

). Similarly, the bottom-left block represents the
connections from the rest of nodes to the union of dominant sets (A

RQt

) and the
right one the connections among the nodes that do not belong to the any dominant
set (A

Rt

).

Figure 2.4: Reformulated adjacency matrix A
t

according to dominant sets retrieved

Finally, the indicators used to obtain some relevant information about the
nature and dynamics of the network topology depending on its dominant sets are:

• FD
Qt

(Fractional Density within Dominant Sets): represents the connections
within the set n

Qt

normalized by the possible number of connections of the
network, i.e.

FD
Qt

=

nQtq
i=1

nQtq
j=1

a
ijQt

n(n ≠ 1) (2.7)

• FOD
Qt

(Fractional Out Degree): represents the connections from the set n
Qt

to the rest of the nodes, normalized by the possible number of connections
of the network, i.e.

FOD
Qt

=

nQtq
i=1

ntq
j=nQt+1

a
ijQRt

n(n ≠ 1) (2.8)

• FID
Qt

(Fractional In Degree): represents the connections from nodes not

16



belonging to the set n
Qt

to the ones that are included on it, normalized by
the possible number of connections of the network, i.e.

FID
Qt

=

ntq
i=nQt+1

nQtq
j=1

a
ijRQt

n(n ≠ 1) (2.9)

• FD
Rt

(Fractional In Degree of the Rest): represents the connections within
nodes not belonging to the set n

Qt

, normalized by the possible number of
connections of the network, i.e.

FD
Rt

=

ntq
i=nQt+1

ntq
j=nQt+1

a
ijRt

n(n ≠ 1) (2.10)

The last for indicators satisfy

Density of network
t

=

ntq
i=1

ntq
j=1

a
ijt

n(n ≠ 1) = FD
Qt

+FOD
Qr

+FID
Qt

+FD
Rt

(2.11)

• FND
t

: Fraction of nodes belonging to any dominant set(s) at time t except
for the first one found

FND
t

= |n
Qt

\ S1t

|
n

t

(2.12)

• FND1t

: Fraction of nodes belonging to the first dominant set found at time
t

FND1t

= |S1t

|
n

t

(2.13)

• NND: Nodes belonging to any dominant set(s) at time t except for the first
one found

NND = |n
Qt

\ S1t

| (2.14)

• NND1t

: Nodes belonging to the first dominant set found at time t

NND1t

= |S1t

| (2.15)
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Chapter 3

Dominant sets in financial
networks

The features of the clusters or dominant sets that are meant to be found by the
Evolutionary Game Theory approach are not far from the sets of financial institu-
tions that can be identified in the stock market in order to monitor systemic risk.
This is precisely the motivation under the use of the approach to analyze systemic
risk dynamic that this Chapter presents, as the importance of the identification of
such sets and their interpretation in this field.

3.1 Importance of the detection of dominant sets
in the financial sector

The stock market plays a crucial role in the global economy since the industry and
commerce depend entirely from it. Being aware of that, institutions like central
banks, governments and the industry must follow their dynamic in order to prevent
events that may jeopardize the economy.

Clearly, the most recent global financial crisis, starting approximately with
the disruption of the investment firm Lehman Brothers in 2008, has motivated
academics and regulators to develop tools that might suggest actions to prevent the
occurrence of such events or mitigate their e�ect, with the purpose of assuring the
stability of the global economy. Moreover, in the last decades the integration level
of the financial system across countries has increased, contributing to the economic
growth and e�ciency of nations but simultaneously increasing the exposure to
systemic risk [OECD, 2012].

Some the analysis such as [Billio et al., 2012], [Diebold and Yilmaz, 2014], [Ace-
moglu et al., 2010] and [Kuzuba� et al., 2014] have been made in the literature
to identify the interconnections of the financial institutions over time and evalu-
ate how the systemic risk is propagated in the financial sector. Although these
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studies have become a referent for the analysis of systemic risk, it is necessary
to go one step further and focus the analysis and policies in groups of financial
institutions that are more vulnerable to contagion risk, i.e. sets of mutually con-
nected institutions, and their dynamic. In particular, although the study made by
[Kuzuba� et al., 2014] mentioned identifies some systemically important financial
institutions using centrality measure in networks constructed with the interbank
lending and borrowing volumes, it points out the existence of institutions with a
high independent influence in others instead of subsets of nodes.

Clearly not all the institutions can be part of one of this sets not only given
the fact that the aim is to reduce the dimension of the monitoring problem, but
also since the sparse networks representing the structure of the market seen in the
literature are hardly mutually connected and a partition or nodes would be hard to
establish and possibly meaningless. Therefore, identifying only the sets satisfying
the internal coherence and low external compatibility criteria, instead of forcing
a partition, is a desirable feature that the Evolutionary Game Theory approach
provides.

Moreover, the number of these sets to be identified is unknown a priori, the
groups are not necessarily exclusive since the fact that a financial institution is
part of a high contagion risk set or firms does not always imply that it cannot be
part of any other set. Thus the methodology used to identify such clusters suits
the problem given that it allows the existence of overlapping clusters.

In addition, the dominant sets have to be identified under high asymmetric
relationships that the financial system involves. Indeed, it is common to find in
the literature networks in which a couple of institutions stay indi�erent to what
happens to a significant number of other firms but have a high influence on them
at the same time.

Therefore, the features of the sets that are meant to be found are exactly what
motivates the use of the Evolutionary Game Theory approach using the Replicator
Dynamics introduced in Chapter 2 for financial networks. In this case, the graphs
relationships represent Pairwise Granger-causality, but it could be extended to
di�erent connections that the stock market establishes among institutions.

Finally, due to the high variability of the financial system and the number of in-
stitutions that it involves, the continuous analysis of the evolution of the dominant
sets becomes a hard task. Nevertheless the indicators proposed in Section 2.6 are
believed to provide an accurate diagnostic of the systemic risk that the global mar-
ket experiments at every period of time considered. Additionally, it is pertinent
to evaluate if the indicators might also reveal some patterns that could be used to
construct early warnings of financial turmoil as a key tool to the administration
of systemic risk.
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3.2 Interpretation of dominant sets in terms of
contagion risk

As it was mentioned in Section 3.1, the dominant sets in financial networks rep-
resent groups of mutually connected institutions. In particular, the application
shown in Chapter 4 takes into account contagion risk through Pairwise Granger-
causality relations and thus the sets correspond to institutions in which the occur-
rence of an event in one of them also a�ects the others in some proportion. This
magnitude is not specified in the empirical analysis, but only the relations that are
statistically significant at a 5% level Billio et al. [2012], i.e. they are considered if
the returns of the asset y are predicted with a lower forecast error variance when
the returns of the asset x are used [Kirchgässner et al., 2007].

The use of the original similarity matrix or its transposed version leads to re-
sults in which the interpretation of the dominant sets change. In the fist case,
according to the Definition 2.1 of double-linked saturated clique provided, the sets
are such that there is no external nodes a�ecting all the nodes of the dominant set
the same time. On the other hand, the use of the transposed version of the adja-
cency matrix identifies subsets such that there is no a relation from its members
to a external node (see Sections 2.4.2 and 2.5). As the Granger-causality in asset
returns can be interpreted as the return-spillover e�ect in the group of firms that
are part of an economic sector [Danielsson and Shin, 2011], in the the two types
of dominant sets one identifies subsets of institutions with high returns spillover
e�ect, but in the first case it represents clusters that are not experimenting conse-
quences of lagged spillovers of an external institution simultaneously. In contrast,
in the second case the subsets of firms identified do not have a spillover e�ect in
external financial institutions simultaneously.

Furthermore, according to [Billio et al., 2012], [Diebold and Yilmaz, 2014] and
[Kuzuba� et al., 2014], the begining of periods of financial dislocation is character-
ized by the fast increase in the interconnectedness of the market participants and,
in general, it maintains its high levels during the crisis. As a matter of fact one
expect that the probability of finding sets of mutually connected institutions also
follows a similar dynamic.

From an investor point of view, there is more risk in those assets issued by
institutions that belong to a dominant set in the sense that she does not only
have to face the risk associated to the institution itself, but also the indirect
risk associated to losses of other institution(s) that, given the fact that are all
mutually connected, a�ect her investment. Indeed, the higher is the cardinality of
the dominant set, the higher is the risk.

Similarly, from a regulator perspective, the existence of highly interconnected
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Figure 3.1: Fintec: Price-based and Quantity-based Financial Integration Com-
posites
Source: European Central Bank [ECB, 2015]

financial systems as a consequence of the international integration of the economies
increases the systemic risk. During the last decades the trade volumes worldwide
have augmented [Kuzuba� et al., 2014]. In particular, in Europe the financial
integration had an increasing tendency until 2005, where it remained stable and
started to decay before the last financial crisis of 2008. On despite of this low
integration levels, it recovered its increasing tendency in 2012 as it can be evidenced
in the price-based and quantity-based Financial Integration Composites indexes
visualized in Figure 3.1 [ECB, 2015]1.

The mentioned policies, in pursuance of the mitigation of the systemic risk,
may include the reduction of global interest rates, modification of the structure of
the banking sector, restriction the bank sector capitalization or the cross-border
bank debt [OECD, 2012], “promotion of the standardization of credit risk transfer
instruments and demanding greater transparency of the assets, liquidity, and lever-
age of non-bank financial intermediaries” [González-Páramo, 2010], but also the
special monitoring of small groups of participants in the financial market whose
systemic risk is higher in comparison with the others.

Finally, it is paramount to take into account that the increased geographical
connection between the financial markets international financial integration rep-
resent benefits for the economies such as the risk sharing, lower cost of external
finance and economic e�ciency and diversification [González-Páramo, 2010]. Nev-

1The price-based FINTEC is constructed using price based indicators from the European
market related to bones, money, equity and banking markets. The quantity-based FINTEC uses
intra-euro area cross-border holdings as a share of the euro area holding. For more information
see [ECB, 2015]
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ertheless it has to be coupled with a proper regulation that allows to protect the
countries economies.
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Chapter 4

Empirical analysis

This chapter introduces an application of the Replicator Dynamics in order to find
dominant sets in networks representing financial relationships between institutions
in the European Stock Market. The indexes presented in Chapter 2 are used as
regressors for systemic risk indicators commonly used in the financial system to
establish how they can explain the dynamic of financial distress. Additionally,
it presents a comparison of the predictive power of these indexes computed with
di�erent supersets of the dominant sets (obtained through each of the variations
of the replicator dynamics considered in Chapter 2). The superset of clusters
whose indicators outperform the rest are also compared with the density of the
network used by [Billio et al., 2012]. Moreover, the dominant sets are compared
with the market values of the companies involved in order to check if there is any
relationship between them. Ultimately a sensitivity analysis to check how robust
are the indexes computed with the dominant sets when the number of attempts
to find one changes is shown.

4.1 Data description
The dataset includes only stocks of European companies1 in the financial sector
(banks, real state, services and insurance) that had been operating in the market
for at least 2 years by 17/12/1996 and whose assets satisfy some capitalization and
liquidity criteria2 [Billio et al., 2015].

The Pairwise Granger-causality networks dataset was constructed from and a
rolling window of 252 days (approximately one year) taking into account one lag.
Besides, given the fact that autoregressive components are not included, the graphs
contain no loops. The set of edges E

t

represent the Granger-causality relationships
1Only stocks issued by companies nationals of one of the European Union member countries
2 They are part of the 75% most capitalized assets in the market and at a maximum of 10%

of the values of the time series are zero. In addition, only primary quotes are selected and the
firms have to had presented all the balance sheet data in the period of analysis.
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that are statistically significant at a 5% level at time t. Since its magnitude is not
considered, the graphs are unweighted and directed1.

The Pairwise Granger-causality network at time t is denoted with G
t

= (V
t

, E
t

),
where V

t

is the set of nodes and E
t

is the set of edges represented by the adjacency
matrix A

t

, with elements

A
ijt

=

Y
___]

___[

1 if asset i Granger-causes assetj at time t

0 otherwise
(4.1)

for j = 1, 2, ..., n, where n is the cardinality of V .

Statistic Density Total number of
nodes

Mean in/out node
degree

Mean 0.1724 223.5566 40.3031
Standard
deviation 0.0498 98.2477 25.2882

Median 0.1644 183 31.6101
First

quantile 0.1374 140 20.0250

Third
quantile 0.2010 324 57.0274

Table 4.1: Statistics of the density, the number of nodes and the cardinality of
the largest dominant set detected through the enumerate algorithm applied on the
4197 graphs representing the Pairwise Granger-causality between the returns of
the assets issued by financial companies in Europe

As it can be seen from the main statistics describing the features of the sequence
of 4197 Granger networks are visualized in Table 4.1, the data-set is mostly com-
posed by sparse graphs according to the low density mean, median and quartiles.
Additionally, the time series corresponding to this indicators has an uptrend over
time (see Figure 4.1 (a)) and its distribution (see Figure 4.1 (b)) is concentrated
between 0.1 and 0.25 with some observations taking values between 0.3 and 0.32.
The density was proposed by [Billio et al., 2012] as financial stress indicator seeing
the way it follows periods of high systemic risk such as as the defunct of Long
Term Capital Management (LTCM) in 1998, the low interest rates and high lever-
age among financial institutions between 2002 and 2004 and the global financial
crisis starting in 2008 [Billio et al., 2012].

1“The rolling-window estimation have been parallelized and implemented in Matlab. It
takes approximately 15 hours on the SCSCF (Sistema di Calcolo Scientifico Ca’ Foscari) cluster
multiprocessor system which consists of 4 nodes; each comprises four Xeon E5-4610 v2 2.3GHz
CPUs, with 8 cores, 256GB ECC PC3-12800R RAM, Ethernet 10Gbit, 20TB hard disk system
with Linux.” [Billio et al., 2015]
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Moreover, the time series of the cardinality of V
t

, shown in Figure 4.2 (a), has a
clear increasing trend that evidences the increase in the level of interconnectedness
of the European financial system over time, provided that each asset return is part
of the network only if it is Granger-caused by at least another one or if it Granger-
causes at least another asset. Besides, the distribution of the number of nodes has
two peaks as it can be seen from Figure 4.2 (b): between 125 and 160 and between
300 and 350 (see Figure 4.2), which can be directly associated to behavior of the
time series before and after 2004 in Figure 4.2 (a).

Similarly, the mean in/out node degree1 has also an increasing tendency over
time (see Figure 4.3 (a)). The series grows slower than the vertex cardinality series
and follows closely the behavior of the density (see Figure 4.1 (a)), specially after
2007, since their formulas are similar: the mean in/out node degree normalizes
the number of connections by the number of nodes instead of all the possible
connections of the graph like the density does.

(a) (b)

Figure 4.1: Time series and distribution of the density of the 4197 Granger Causal-
ity Networks

4.2 Financial conditions and dominant sets
The financial crisis indicators used as reference in this study are 2: CISS and a
Crisis Indicator:

• CISS (Composite Indicator of Systemic Stress in the Financial System):
weekly indicator published by the European Central Bank that captures
and aggregates the stress in five financial markets’ segments: financial in-
termediaries sector, bond market, equity market, the money market and the
foreign exchange market [Holló et al., 2012].

1 The mean of the nodes indegree is equivalent to the mean of the nodes outdegree
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(a) (b)

Figure 4.2: Time series and distribution of the number of nodes of the 4197 Granger
Causality Networks

(a) (b)

Figure 4.3: Time series and distribution of the mean in/out degree of nodes of the
4197 Granger Causality Networks

• Crisis indicator: quarterly indicator adding a dummy variable computed for
each of the 28 countries of the European Union. It indicates the presence or
absence of bankruptcy in the country (dummy takes values 1 and 0 for each
case respectively) [Laeven and Valencia, 2012]

The sample period considered starts from 08/01/1999 and ends in 16/01/2013
for the CISS and is taken from 17/12/1996 to 31/12/2012 for the Crisis Indicator
(dates included) in both cases.

4.2.1 Linear regressions

The two financial market indicators briefly introduced in section 4.2 are used to
investigate the information, captured by the indicators proposed in Section 2.6,
content of the dominant sets about the financial conditions during the sample pe-
riod considered for each. As a consequence, they were estimated through a linear
regressions where the exogenous variables were the CISS and the Crisis Indica-
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tor. For the CISS regression, they were computed daily between 08/01/1999 and
16/01/2013 and for the Crisis indicator also on a daily basis between 17/12/1996
and 31/12/20121. It is important to point out that the series of the two endogenous
indicators were not retrieved originally on a daily basis. For this reason, the were
transformed in such a way that the value for one quarter or one week, according
to the case, were replicated for all the days included in that segment of time.

In the regression of the Crisis Indicator (see Table 4.2), the explanatory vari-
ables FD

Qt

, FD
Rt

, NND1t

and NND have a positive coe�cient in almost all the
variations of the replicators dynamics, which implies that an increase on any of
those variables keeping the other fixed will increase the value of the crisis indicator.
As a result, the more connected are the firms belonging to the clusters identified
at time t (hence the more contagion risk there is in the set of nodes belonging to
the set n

Qt

), the more connected are the nodes not belonging to n
Qt

. In addition,
the higher is the cardinality of n

Qt

(taking into account the first dominant set
retrieved of the subsequent) the higher the systemic risk is going to be2. Never-
theless if the nodes in n

Qt

are very connected with the rest of the nodes (no matter
the direction of the Granger-causality), the crisis indicator will decrease since the
indexes FOD

Qt

and FID
Qt

have, in most of the cases, a negative influence on the
response variable.

Moreover the indexes FND
t

, FND1t

have a negative e�ect, while NND1t

and
NND have a positive e�ect. This can be explained by the fact that the first two
are normalized with respect to the number of nodes, as it can be seen in Equations
2.14 and 2.15, where this variable has an increasing tendency over the time.

Thus, according to the estimated coe�cients in tables 4.2 and 4.3, it is possible
to claim that all the e�ects described are robust since they remain in most of the
variation of the replicator dynamics.

In addition, in almost all the regressions the indexes defined in Section 2.9 are
statistically significant at a 5% level.

On the other hand, the coe�cients estimated for the regression of the CISS on
the indexes defined in Section 2.9 are shown in in Table A.15. The indexes FD

Qt

,
FD

Rt

, NND1t

and NND have also, in most of the cases a positive e�ect in the
CISS. FND

t

and FND1t

have mostly a negative e�ect, while the e�ect of FOD
Qt

and FID
Qt

is not robust across the regressions.
Again, most of the independent variables are statistically significant at a 5%

level, but less that in the regressions estimated for the Crisis Indicator.
1The daily Pairwise Granger-Causality Network database was constructed from the

17/12/1996 to 16/01/2013, thus the selected periods for the regressions depend on the avail-
ability of the indicators in this interval.

2The positive e�ect, and all the e�ects described in this section, are assumed to be reflected
under the ceteris paribus assumption, i. e. increasing only one variable and keeping the rest of
exogenous variables constant.
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(a) (b)

(c) (d)

Figure 4.4: Original adjacency matrix of the Pairwise Granger-causality Networks
for 03/11/2008 and 23/03/2009 and its reordered version (following the construc-
tion presented in Section 2.9 ) with the results of the non-overlapping clustering
algorithm, including singletons and transposing adjacency matrix A

t

Concerning the R2 and the Adjusted R2, the highest variability explained with
the variables is reached when non overlapping clusters are retrieved with the trans-
posed adjacency matrix (See the bottom last two columns of Tables 4.2 and 4.3).

The role of the dominant sets during a financial crisis period can be analyzed
in Figure 4.4 where the presence of a black box in the position (i, j) represents
Granger causality from asset i to asset j. Figures 4.4 (a) and (b) show the orig-
inal Pairwise Granger-Causality matrix for 3/11/2008 and its reordered version
respectively. The last one was constructed as it was explained in Section ?? with
the results obtained from the algorithm that considered non overlapping clusters,
the transposed adjacency matrix and the inclusion of singletons (the graphs for
the other variations are shown in Appendix B ). Similarly, Figure 4.4 (c) contains
the original Pairwise Granger-Causality matrix for 23/03/2009 and Figure 4.4 (d)
its reordered version. In both cases, the submatrices A

Qt

and A
RQt

have a greater
density compared with the rest of the matrix, which indicates that the nodes in
the dominant set are highly connected and that their in-degree is also high. Nev-
ertheless those sub matrices are not the only ones where highly connected sets of

28



nodes lie.

4.2.2 Model comparison

With the purpose of testing the power of prediction of the indexes explained in
Section 2.6, a set of linear regressions were estimated with an expanding and rolling
window for the training data as follows:

• Expanding window: a regression of each indicator was run on the predictors
lagged one day. The data taken started from the first day in which each
indicator was available (08/01/1999 for CISS and 17/12/1996 for the Cri-
sis Indicator) until 01/08/2008, the day when approximately the most recent
global financial crisis started with the bankruptcy of Lehman Brothers. After
the estimation was made, a new model including all the observations consid-
ered for the previous estimation was computed, adding one more observation
(the one that was just predicted and their corresponding regressors). This
process was repeated until the last observation of CISS or Crisis indicator
was predicted (6/01/2013 and 31/12/2012 respectively).

• Rolling window: a model was estimated with the first 250 observations (ap-
proximately one financial year) as training data. Consequently a new model
was estimated excluding the first observation used for the estimation of the
previous one and adding the observation that was just predicted. This pro-
cess is repeated until the last observation of the CISS or the Crisis Indicator
was predicted (6/01/2013 and 31/12/2012 respectively).

4.2.2.1 Forecast Error Measure of indicators

The measure used to conclude how accurate was each prediction was the Squared
Forecasting Error, defined as

SFE
t

= (Indicator
t

≠ Value forecasted
t

)2 (4.2)

Thus the model comparison was made through the following indicator:

W i

t

=

A
tq

—=d

SFEi

—)
B≠1

12q
j=1

A
tq

—=d

SFEi

—)
B≠1 (4.3)

Where d is the first day considered for the indicator predicted and i œ 1, 2, 3, ..., 12
tells from which variation of the replicator dynamics the dominant sets were taken
to compute the indicators presented in Section 2.6.
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4.2.2.2 Forecast results

A graph of the indicator introduced by Equation 4.3, computed for the predictions
made using the 12 data sets (results from each of the 12 variations of the replicator
dynamics) is shown in Figure 4.5.

Clearly the variations using simultaneously non-overlapping clusters and the
transposed adjacency matrix were the ones with the highest value for wi

t

and thus
the best performance in most of the days analized (see Figues 4.5 (a) and (c)). This
results are coherent with the R2 presented in Tables 4.2 and 4.3, which is higher
for this variation for the two indicators estimated (CISS and Crisis Indicator).
That observation is confirmed in Figure 4.5 (b), where the last 12 variations are
presented in the vertical axes with an integer number from 1 to 12. The last 4
variations (9, 10, 11 and 12) correspond to the consideration of non overlapping
clusters and most of the times the best one is either the 11th or the 12th.

(a) W index for the Crisis Indicator predic-
tion

(b) Best model according to the W index
for the Crisis Inicator

(c) W index for the CISS prediction (d) Best model according to the W index
for the CISS

Figure 4.5: Performance of the indexes obtained by the 12 variations of the repli-
cator dynamics algorithm as predictors of the Crisis Indicator and the CISS using
an expanding window for training

Concerning the CISS indicator, it is much more clear that the consideration of
non-overlapping clusters, transposition of the adjacency matrix and the exclusion
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of singletons is the variation with the highest performance. It is represented by 11
in the vertical axes of Figure 4.5 (d), where analogously this axes represents the
code of the variation and the last 4 correspond to the variations considering non
overlapping clusters.

When rolling windows were used instead of expanding ones, the results did not
point out a model as the best as clear as in the previous case (see Figures 4.6 (a)
and (c)). In fact Figure 4.6 (b) shows the best of the 12 variations in each period
where the last 4 stand for the ones that identify non-overlapping clusters. Before
2011 the graph indicates that the best model varies between the ones considering
information from overlapping and non overlapping clusters, nonetheless after 2011
the best model turned out to be the 10th until the end of the period analyzed.
For the CISS, the scenario is similar: before the first semester of 2009 the best
variation constantly changed, then there was some persistence of the seventh data
set after the end of 2011 and finally the definition of the best variation is quite
unstable.

(a) W index for the Crisis Indicator predic-
tion

(b) Best model according to the W index
for the Crisis Inicator

(c) W index for the CISS prediction (d) Best model according to the W index
for the CISS

Figure 4.6: Performance of the indexes obtained by the 12 variations of the repli-
cator dynamics algorithm as predictors of the Crisis Indicator and the CISS using
a rolling window for training
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4.3 Predictive power of indicators in comparison
with the density of the network

After making a comparison among indicators obtained from the variations of the
replicator dynamics introduced in Section 2.5, a comparison with the density of the
Pairwise Granger-causality network proposed by [Billio et al., 2012] as a financial
distress indicator was made. Since 12 sets of regressors according to Figure 2.3
can be used for this purpose, the one selected for the comparison correspond to
the set of indicators retrieved from the variation of the replicator dynamics with
the highest R2 in Tables 4.2 and 4.31:

• In-sample comparison: According to Equation 2.11, the density of the net-
works is decomposed into four of the eight indicators introduced in section
2.6 based on the dominant sets identified. As a result a regression of the
CISS and the Crisis indicator on the density would be:

CISS
t

= —
cissR

◊ Ind
t

(4.4)

and
Crisis Indicator

t

= —
ciR

◊ Ind
t

(4.5)

with —
cissR

and —
ciR

satisfying

R—
cissR

= 0 (4.6)

R—
ciR

= 0 (4.7)

where 0 is a 8 ◊ 1 vector,

R =

S

WWWWWWWWWWWWWWWWWWU

1 0 0 0 0 0 0 0 0
0 0 1 ≠1 0 0 0 0 0
0 0 1 ≠1 0 0 0 0 0
0 0 0 1 ≠1 0 0 0 0
0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 0 0 0 1 0
0 0 0 0 0 0 0 0 1

T

XXXXXXXXXXXXXXXXXXV

1For the Crisis Indicator, the dominant sets retrieved from the non-overlapping clusters
algorithm, transposing the adjacency matrix and not including singletons were taken; while the
CISS considered the dominant sets from the non-overlapping clustering algorithm, transposing
the adjacency matrix and including singletons to compute the indicators presented in Section
2.6.
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and

Ind
t

=
Ë
1 FD

qt

FOD
qt

FID
qt

FD
rt

FND
t

FND1t

NND
t

NND1t

ÈÕ

The coe�cients —
cissR

and —
ciR

of the restricted models 4.6 and 4.7 were esti-
mated using a rolling window of 250 days (approximately one year), starting
for the CISS on 8/01/1999 and for the Crisis Indicator on 17/12/1996. The
significance of the model in comparison with an unrestricted one was tested
using an F-Test, whose null hypothesis are Equations 4.6 and 4.7. The
P-value of the test for each riskk indicator can be seen in Figure 4.9. In par-
ticular, for the Crisis Indicator estimation, the null hypothesis was always
rejected at a 5% level or less, which indicates that the unrestricted model, i.e.
the one using the 8 indicators proposed, performs better than one using only
the density in Section 2.6. Similarly, except for some periods in 200,7 the
unrestricted model performed better than the restricted one for the CISS.

(a) P-value of F-Test over restricted model
for the Crisis Indicator

(b) P-value of F-Test over restricted model
for the CISS

Figure 4.7: P-value of test over restricted models computed in-sample using rolling
windows of 250 days for the estimation for the CISS and the Crisis Indicator
introduced in Section 4.2

• Out sample comparison: as in the in-sample comparison, a model was esti-
mated through a rolling window of 250 days, starting on 8/01/1999 for the
CISS and on 17/12/1996 for the Crisis Indicator. In this case, the regressors
were lagged 1 period in order to construct a predictive model. The predic-
tions of the CISS and the Crisis indicator of the day right after the last one
included in the rolling window were made with the density and the eight indi-
cators introduced in Section 2.6. Consequently, the forecasts were compared
through the SFE in Equation 4.2. The results can be seen in Figure 4.8,
where clearly the prediction of the Crisis Indicator made with the density
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had a SFE most of the times higher (this happened exactly in 74.71% of the
predictions). Concerning the forecast of the CISS, the results are not that
evident, nevertheless exactly 59.3% of the predictions made by the density
had a higher SFE compared with the ones made by the indicators. There-
fore, a regressions using the eight indicators proposed outperform the use of
the density for the prediction of the response variables.

(a) SFE of the out-sample regression of Cri-
sis Indicator on density and the indicators
proposed in Section 2.6

(b) SFE of the out-sample regression of
CISS on density and the indicators pro-
posed in Section 2.6

(c) P-value of F-Test over restricted predic-
tive model for the Crisis Indicator

(d) P-value of F-Test over restricted predic-
tive model for the CISS

Figure 4.8: SFE of predictive model for CISS and Crisis indicator using either the
set of indicators introduced in Section 2.6 or the density of the networks and the
P-value for the test over the out-sample restricted model computed using rolling
windows of 250 days

In addition, an F test was again carried out over time to compare the ad-
justment of the restricted (model equivalent to regress the variables of in-
terest only on the density) and unrestricted model (model that regresses the
variables of interest on the eight indicators proposed in Section 2.6 as it was
explained in the in-sample application), concluding that the restricted model
adjusts better to the data according to the p-values in Figure 4.8 (c) and
(d), where the null hypothesis was most of the times rejected at a 5% level1.

1Given the fact that the comparison between the predictive power of the di�erent 12 sets of
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4.4 Dominant sets and market values
In the interest of evaluating the relation between the market value of the finan-
cial institutions represented by asset returns and their membership to the dom-
inant sets identified over time, two analysis were made with the results of non-
overlapping cluster considering singletons and the transposed adjacency matrix,
given its high R2 in the regression run in all the sample presented in Tables 4.2
and 4.3:

• Groups according to the quintiles of the last market value registered: the
market value associated to the last day considered in the dataset was taken
(16/01/2013)1. Consequently, the quintiles of these market values were com-
puted and the companies were sorted according to their membership to each
quintile at that specific time2. For each day t, the membership to any dom-
inant set is evaluated and reported in Figure 4.9 (a), where in the first year
of analysis most of the companies member of dominant sets are in the fifth
quintile (the ones with the highest market value). Consequently, between
1998 and 2003 the fourth and fifth quintile concentrate most of the institu-
tions of the dominant set and after 2003 they are replaced by the ones in the
second and third quintile and the participation of the institutions from the
first one is significant.

• Groups according to the quintiles of the dynamic market value: for every
day t considered in the study the companies, the quintiles of the market
values reported by the companies considered in the dataset were computed.
Subsequently, the institutions were classified according to their membership
to each quintile at that specific moment. The number of institutions from
each quintile that at time t belonged to at least one cluster was is reported
in Figure 4.9 (b). In this figure, it is possible to see that the dominant sets
were concentrated in the first and fifth quantile during the fist year of the
period analyzed. There is not a clear quantile that predominates over the
others in the dominant sets next, but after 2007 the second one and specially
the first one have more elements belonging to clusters, thus the companies
with the lowest market value.

Hence, from Figure 4.9, it is possible to claim that the membership to the
dominant sets does not depend on the market values of the companies.
indicators did not clearly showed which was the most e�ective set to make forecasts, the criterion
of the highest R

2 in Tables 4.2 and 4.3, as it was explained in the beginning of the Section, held
for this case.

1Market values were obtained in an annually bases, but they were converted into daily ob-
servations

2A financial institution f belongs to the i

th quintile if qi≠1 < Market valuef 6 qi, where qi

is the value such that P (Market valuej 6 q) = i
5
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(a) Dominant sets and the membership
if its elements to quintiles of the market
value over time

(b) Dominant sets and membership of their
elements to the quintiles of the last market
value registered and

Figure 4.9: Analysis of the dominant sets and their relationship with the market
value of the financial institutions

4.5 Sensitivity analysis
Under the purpose of testing the robustness of the results with respect to the num-
ber of dominant sets to be found by the replicator dynamics and their variations,
as it was done in the previous section, the non-overlapping cluster considering sin-
gletons and the transposed adjacency matrix was chosen given its high R2 in the
regression run in all the sample presented in Table 4.2 and 4.3. All the overlapping
clustering algorithms presented in Figure 2.3 have 10 dominant sets as main objec-
tive1. Therefore, the number of dominant sets to be found was changed to 13, 15,
20, 25, 30. Afterwards the dominant sets were found in each case, a regression of
the Crisis Indicators and the CISS on the indicators computed with the dominant
sets was run. The results are shown in Table A.16 and A.4 respectively. From this
tables, it is possible to see that, although the magnitude of the significant coef-
ficients might change, the sign does not vary with the number of dominant sets
to be found. In both regressions, most of the coe�cients kept their significance
across the number of dominant sets to be identified.

1The number of dominant sets found are at most 10, since it might happen that in some of
the iterations the algorithm had not found any dominant set
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Table 4.2: Estimated coe�cients for regression of
Crisis indicator on FDqt, FODqt, FIDqt, FDrt, FND,
FND1t, NND, NND1t estimated for the 12 variations of
the replicator dynamics considered in Section 2.5. Only
coe�cients significant at a 5% are presented.
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Chapter 5

Conclusions

Given the renovated interests for the study of financial crisis distress after the
most recent financial crisis in 2008 and the increase of the systemic risk due to
the international financial integration, this study provided an application of the
evolutionary game theory to the identification of sets (dominant sets or clusters)
composed by financial institutions with a high Granger-causality among in the
European stock market. This clusters might become the center of interest for
policy makers and financial institutions in order to mitigate or prevent systemic
risk events.

The dominant sets identified, were not directly related with the market value of
the companies as it was seen from the analysis of their membership to the clusters
and to the quintiles of this balance indicator over time. Thus, the dominant sets
are not representations of the financial institutions with the larger market value
as one could suppose and the analysis of both aspects is complementary instead
of substitute.

Moreover, some indicators were proposed to follow the dynamic of the domi-
nant sets over time, which turned out to be e�ective in the prediction of financial
distress as an alternative to the density of the Pairwise Granger-causality networks
proposed by [Billio et al., 2012]. Nevertheless, in despite of the predictive power
of the indicators and the way they closely follow the dynamic of the financial sys-
tem, the operation financial institutions that are not members of the dominant
sets over time cannot be completely neglected to prevent the materialization of
systemic risk.

The Evolutionary Game Theory approach was adopted given the features of
the clusters to be retrieved: they do not involve all the objects as a partition does,
i.e. not every element should belong to a dominant set, the clusters can overlap,
the number of sets does not have to be set a priory and they are able to consider
non symmetrical relationships. These aspects seem to be adapted to the kind of
sets that might arise in the financial sector. The methodology turned out to be
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e�ective, nevertheless it is subject to improvements given that it usually provides
better results when the networks are dense, and not as sparse as the the Granger-
causality Networks that were used in the study to represent the contagion in the
financial system. Other type of relationship that can be more frequent and thus
that can be represented with denser graphs can be used instead.

Similarly, the Replicator Dynamics algorithm is more e�ective when the car-
dinality of the clusters to be identified are large. Due to the characteristics of the
networks used for the empirical analysis in Chapter 4, dominant sets of one or two
elements were often retrieved. Instead, the results of the algorithms applied on
the the simulated networks (see Appendix A ) with a big dominant sets and some
other with a small cardinality and the application on the DIMACS benchmark
graphs showed that in symmetric and asymemtric similarity matrices the larger
set was most of the times identified.

As a future work, the Infection and Immunization Dynamycs, proposed by
[Rota-Bulò and Bomze, 2011], to find ESS when the clustering problem is still
tackled from the Evolutionary Game Theory point of view could be used. The
methodology, based on infection and immunization processes, shows that “p is an
ESS if and only if p is protected by a positive invasion barrier from any strategy
x ”= p” [Rota-Bulò and Bomze, 2011] and has shown a faster convergenge to ESS.
Nonetheless its performance with sparse graphs should be evaluated first.

Finally, it is paramount to stress the importance of the regulation related to
the financial integration given that by itself it has a positive contribution to the
economies such as risk sharing, lower cost of external finance and economic e�-
ciency and diversification [González-Páramo, 2010], but at the same time if it is
not properly regulated it might increase the exposure of the countries to lethal
risks.
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Appendix A

This appendix presents the results obtained approximating overlapping cliques
in small graphs and some graphs of the the benchmark dataset DIMACS. Some
variations of the Replicator Dynamic were used in order to test their e�cacy.
Additionally, this modifications were also tested in simulated graphs with features
similar to the networks representing connections that can arise in the financial
market. Finally some remarks concerning the results are provided.

A.1 Results of replicator dynamics approximat-
ing multiple overlapping cliques in undirected
unweighted graphs

A.1.1 Application in small graphs

Iteration
Dominant set found
(starting near the

barycenter)

Dominant set found
(starting at the barycenter)

1 {2, 3, 6, 7} {2, 3, 6, 7}
2 none {2, 3, 6, 7}
3 {6, 7, 8} {1, 4, 5, 8}
4 {1, 2, 3} -
5 {3, 5, 7} -
6 {2, 4, 6} -

Table A.1: Dominant sets retrieved for the graph in Figure 2 (a)

For the graph in Figure A.1 (a), in Table A.1 it is possible to claim that the
algorithm explained in Section 2.4.1 based on the Replicator Dynamics in is able
to find all the double linked saturated cliques starting near the barycenter of the
standard simplex. Nevertheless starting exactly at this point the algorithm returns
just the maximal double linked saturated clique. In the second iteration it remains
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stable and the maximal clique is returned again. In the third one it finds just a set
composed by the remaining nodes that clearly do not correspond to a dominant
set.

Iteration
Dominant set found
(starting near the

barycenter)

Dominant set found
(starting in the barycenter)

1 {3, 4} {3, 4}
2 {3, 4} {1, 2, 3, 4}
3 {1, 2} -

Table A.2: Dominant sets retrieved for the graph in Figure 1 (b)

(a) (b)

(c)

Figure A.1: Graphs used to test the enumerate algorithm

In Table A.2 one can see that the algorithm starting from the perturbed barycenter
for the graph in Figure A.1 (b) returns exactly the two maximum cliques of the

42



Iteration
Dominant set found
(starting near the

barycenter)

Dominant set found
(starting in the barycenter)

1 {3, 4, 5} {1, 2, 3, 4, 5}
2 {1, 2, 3} -

Table A.3: Dominant sets retrieved for the graph in Figure A.1 (b)

graph. On the other hand, starting exactly from the barycenter does not provide
this solution. When a smaller tolerance in the replicator dynamics algorithm was
introduced in the last case, i. e. a norm of the di�erence between the mixed
strategy x

t

found in iteration t and the one found in iteration t + 1 x
t+1 less than

10≠12 instead of 10≠5, the dominant sets found were the correct ones.

Iteration Dominant set found (starting exactly in barycenter)
1 {1, 2, 3}
2 {4, 5}
3 {2, 4}
4 {2, 3}
5 {4, 6}

Table A.4: Dominant sets retrieved for the graph in Figure 2 (c) starting the
enumerate algorithm exactly from the barycenter

Iteration – = 0.6 – = 0.70 – = 0.90
1 {1, 2, 3} {1, 2, 3} {1, 2, 3}
2 {4, 5} {4, 5} {4, 5}
3 {2, 4} {2, 4} {2, 4}
4 {2, 3} {2, 3} -
5 {4, 6} {6} -

Table A.5: Dominant sets retrieved for the graph in Figure 2 (c) starting the
enumerate algorithm near the barycenter

Concerning the graph in Figure A.1 (c), the algorithm returns almost all the
maximum cliques except for {5, 3} no matter if the starting point is the barycenter
or a point close to it. Some variations in the parameter – in the adjacency matrix
A + –I from Equation 2.2 were introduced to evaluate if that remaining clique
could be retrieved, but they just reduced the number of maximum cliques. Since
one of the stopping criterion of the algorithm is the allocation of all the nodes to at
least one cluster and by the fifth iterations it is satisfied, the number of iterations
was fixed to 10, but the 6th iteration returned {2, 3} again and afterwards that no
dominant sets were obtained.
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A.1.2 Results in a graph with a sparse adjacency matrix

In order to check the accuracy of the algorithm introduced in Section 2.4.1 in
a sparse small network, the graph representing the Granger causality computed
with the annual returns (on the 17th of December of 1996) of the main stocks
issued by financial institutions in Europe was used. Its density is 0.1156, the
average out and in degree is 7.2812. The graph G = (V, E) is directed and the
adjacency matrix A64x64 is not symmetric. A new matrix B equal to the product
member by member between A and its transpose was constructed. Under this
conditions, B is symmetric and its elements b

ij

are 1 if a
ij

= 1 and a
ji

= 1
and 0 otherwise. For simplicity the nodes that are isolated were deleted from B,
thus B is a 17 ◊ 17 matrix representing GÕ = (V Õ, E Õ) whose cliques are: {1, 13}
{2, 9} {2, 14} {2, 15} {3, 14} {4, 16} {5, 7} {6, 8} {10, 11} {5, 12} {6, 12} {10, 12}
{12, 14} {12, 17} {10, 13} {5, 15}. Notice that the density of B is 0.1176 and it
is still sparse. This can be noticed from Figure . 4 variations of the enumerate

Figure A.2: Sparse graph B created

algorithm were tested.

A.1.2.1 Experiment 1

The replicator dynamics algorithm run |V Õ| times starting from completely random
points. Thus the � ≠ extension of the original a�nity matrix was not used.

A.1.2.2 Experiment 2

The algorithm described in Section 2.4.1 was used but instead of starting at the
barycenter, it starts from a completely random point.
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A.1.2.3 Experiment 3

The algorithm presented in Section 2.4.1 but instead of starting at the barycenter,
it starts at a point close to it at every iteration1.

A.1.2.4 Experiment 4

The enumerate algorithm described in Section 2.4.1 was used starting exactly at
the barycenter in every iteration.

Experiments 1, 2 and 3 were run 300 times, while the forth one was run just once
since it is deterministic. From Table A.6 it is possible to claim that the experiment
2 produced better results than the others, finding in average correct domimant sets
much more correct than the rest. For instance at least in one of the 300 repetitions
exactly the set of 16 cliques was obtained and in every repetition at least 8 out
of the 16 cliques were retrieved. The enumerate algorithm starting exactly from
the barycenter has the poorest performance since it is able to find only 3 out of
16 cliques.

Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 7.0900 11.8467 8.7300 3
Maximum 10 16 12 3
Minimum 4 8 6 3

Table A.6: Statistics of cliques found from in GÕ = (V Õ, E Õ) in repeating the
experiments 1, 2 and 3 300 times and 4 once

A.1.2.5 Results in graphs with dense adjacency matrices

The 4 experiments defined in Section A.1.2 were applied to eight networks taken
from the DIMACS benchmark graphs2: 4 with 200 nodes and 4 with 400 nodes.
The maximal clique of each is known. In every repetition of experiments 1, 2 and 3
the maximal clique(s)3 found was/were compared with the maximal clique known
a priori (Experiment 4 does was not repeated since it is deterministic and the
results do not depend of a random point at which the algorithm starts).

1The starting point was a vector of random variables normally distributed with mean 10 and
standard deviation 5 where each was divided by the sum of the vector

2Data available in: http://dimacs.rutgers.edu.
3It is possible to find more than one maximum clique with the same dimension and thus

di�erent maximal cliques

45

http://dimacs.rutgers.edu.


Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 19.6300 19.5500 19.6400 19
Maximum 19 19 19 19
Minimum 20 20 20 19

Table A.7: Statistics of cliques found from Net 1 with 200 nodes, density=0.7454
and magnitude of the maximal clique=21 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once

Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 10.07 10.07 10.3 10
Maximum 11 11 11 10
Minimum 10 10 10 10

Table A.8: Statistics of cliques found from Net 2 with 200 nodes, density=0.4963
and magnitude of the maximal clique=12 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once

Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 13.12 13.16 13.27 12
Maximum 14 14 14 12
Minimum 12 12 12 12

Table A.9: Statistics of cliques found from Net 3 with 200 nodes, density=0.6054
and magnitude of the maximal clique=15 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once
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Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 15.29 15.13 15.25 15
Maximum 16 16 16 15
Minimum 14 14 15 15

Table A.10: Statistics of cliques found from Net 4 with 200 nodes, density=0.6577
and magnitude of the maximal clique=17 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once

Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 23.29 22.97 23.49 23
Maximum 25 24 25 23
Minimum 22 22 22 23

Table A.11: Statistics of cliques found from Net 5 with 400 nodes, density=0.7484
and magnitude of the maximal clique=27 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once

Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 23.13 22.95 23.22 23
Maximum 24 24 24 23
Minimum 22 22 22 23

Table A.12: Statistics of cliques found from Net 6 with 400 nodes, density=0.7492
and magnitude of the maximal clique=29 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once

Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 22.83 22.80 22.94 22
Maximum 24 24 25 22
Minimum 22 22 21 22

Table A.13: Statistics of cliques found from Net 7 with 400 nodes, density=0.7479
and magnitude of the maximal clique=31 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once
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Statistic of
the maximal

clique(s)
found

Experiment 1 Experiment 2 Experiment 3 Experiment 4

Average 22.2 22.16 23.17 22
Maximum 24 25 24 22
Minimum 22 22 22 22

Table A.14: Statistics of cliques found from Net 8 with 400 nodes, density=0.7489
and magnitude of the maximal clique=33 repeating 100 times the experiments 1,
2 and 3 and experiment 4 once

Tables A.7 -14 show how the maximum, minimum and average number of nodes
found by the algorithms that are part of the maximal clique of each network known
a priori. One claim that the di�erence in the magnitude of the maximal clique
found on each experiment did not vary significantly. Nevertheless the quantity of
nodes belonging to the maximal clique found on Experiment 4 was almost always
under the mean of the remaining experiments.

A.1.3 Remarks

• Better results are obtained when the enumerate algorithm starts in a point
near the barycenter of the standard simplex in small graphs.

• In the sparse graph GÕ = (V Õ, E Õ) constructed in Section A.1.2 the best ap-
proach to find the cliques turned out to be the enumerate algorithm starting
from completely random points from the standard simplex.

• The variations of the starting point of the enumerate algorithm presented
in Section 2.4.1 does not change significantly the magnitude of the maximal
cliques found by the original algorithm in very dense graphs and any of the
experiments was able to find the real maximal clique.

A.2 Networks simulation
Having in mind the characteristics of networks constructed from the Pairwise
Granger-causality in the European Stock Market presented in Table 4.1 , a data-
set of 100 networks was simulated in order to determine which variation of the
algorithm introduced in Section 2.4.1 could be suitable for graphs with a sparse
topology. The features of the simulated networks were defined as follows
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1. Number of nodes: is the maximum between 50 (lowest number of nodes
according to Figure 4.2 (a)) and a random number whose distribution is
normal with mean 223.5566 and standard deviation 98.2477 (see mean and
variance of the number of nodes of the graphs in the data-set presented in
Table 4.1).

2. Cardinality of the largest dominant set D: is the maximum between 3 and a
random number whose distribution is normal with mean 7.3226 and standard
deviation 3.5168.

3. Number of double-linked cliques with cardinality 2: is the maximum between
|V |
2 and a normally distributed random number with mean |V | and standard

deviation |V |
3 . For the purpose explained, the following algorithm is applied:

3.1. Chose two nodes at random a, b œ V .

3.2. Find the set Ra = {i œ V/(i, a) œ E}

3.3. Determine which elements of Ra belong to aR = {i œ V/(a, i) œ E}

3.4. Determine if ÷i œ aR fl Ra/(i, b) œ E · (b, i) œ E

3.5. If the condition in item 3.4 is satisfied, establishing a double linked
relation between a and b would create a double-linked clique with car-
dinality 3, thus, to avoid that since the objective is constructing just
double linked cliques with cardinality 2, it is necessary to go back to
step 3.1 and chose a new a and b. Notice that it is also possible to go
back to step 3.1 if a = b or if the double link between a and b already
exists.

4. Number of additional one-directional edges: is the maximum between |V |ú|V |
40

and a normally distributed random number with mean |V |ú|V |
4 and standard

deviation |V |ú|V |
10 . for this purpose, the following algorithm is used:

4.1. Chose two nodes a, b œ V randomly

4.2. Find the set Rb = {i œ V/(i, b) œ E}

4.3. Determine which elements of Rb belong to bR = {i œ V/(b, i) œ E}

4.4. Determine if ÷i œ bR fl Rb/(a, i) œ E. If this condition is satisfied, go
to step 4.3 and choose a di�erent node b, otherwise go to step 4.5. This
condition guaranties that the double-linked cliques with 2 elements cre-
ated are going to stay saturated1, since the possible new uni-directional
connection cannot make any double-linked clique to loose this condition

1A double-linked saturated clique of G is a set S ™ V such that ’u, v œ S, (u, v) œ E and
(v, u) œ E and there is no t œ V \ S such that ’s œ S, (t, s) œ E
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4.5. If b œ D, verify that ÷i ”= b œ D/(a, i) /œ E. If this condition is not
satisfied, go back to step 4.3 and choose a di�erent node b, otherwise go
to step 4.6. It is worth it to point out that the condition guaranties that
the largest dominant set D is going to stay saturated, since the possible
new uni-directional connection cannot make it loose this condition.

4.6. Verify that a and b are di�erent and that (b, a) /œ E (to guaranty that the
link (a, b) is not going to produce a double linked clique of cardinality
2). If this condition is not satisfied and go back to step 4.3 and choose
a di�erent node b, otherwise go to step 4.7.

4.7. The link (a, b) is created.

A.2.1 Data experiments

Three variations of the enumerate algorithm (presented in section A.1.2 were tested
and compared with the original algorithm itself (Experiment 4) in 100 simulated
networks with the process described in Section A.2.

A.2.2 Results with |V | iterations

The density and cardinality of |V | distribution of the 100 nets simulated are pre-
sented in Figure A.3, where it lies between 0.1 and 0.35 but it is mainly concen-
trated between 0.15 and 0.3. The experiments were applied with |V | iterations,
thus assuming that the number of dominant sets to be found is |V |. The real
number of dominant sets to be found did not determine the iterations due to the
fact that in the real data-set this value is unknown.

(a) (b)

Figure A.3: Distribution of the density and the number of nodes of the 100 sim-
ulated for the first group of networks with the process described in Subsection
A.2

Table A.15 shows the result of the four experiments presented in subsection
A.2.1. All the algorithms perform pretty well when it comes to identify the largest
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dominant set D. The lowest performance is given by the enumerate algorithm
starting at every iteration exactly at the barycenter (Experiment 4) and the highest
is obtained from the algorithms that starts at completely random points applying
the enumerate algorithm or simply using the replicator dynamics in every iteration
without modifying the adjacency matrix (Experiments 2 and 1).

Besides, a very low proportion of the dominant sets with cardinality 2 was
identified by any of the 4 algorithms tested. The highest proportion is again
reached by the first two experiments.

Criteria Experiment 1 Experiment 2 Experiment 3 Experiment 4
Accuracy
finding the
dominant
set D

96% 93% 89% 68%

Mean of
proportion
of dominant
sets found

1.65% 1.97 % 1.13 % 0.06%

Mean of ef-
fectiveness 31.80% 22.01% 26.48% 30.64%

Mean e�ec-
tiveness ex-
cluding sin-
gletons

70.75% 66.84% 58.56% 53.78%

Table A.15: Performance of the Experiments described in Subsection A.2.1 in 100
simulated networks with the process described in Subsection A.2

With respect to the e�ectiveness, measured by A.1, the best performance is ob-
tained with Experiments 4 and 1 and the lowest is reached by Experiment 2, thus
the fourth and the first algorithms, in average, can return a higher proportion of
real dominant sets between the ones they identify as dominant sets, in other words,
if algorithm 4 or 1 return a set of dominant sets, in average it is possible to be
more sure that they are in fact dominant sets.

If to compute the e�ectiveness the singletons are not taken into account, having
in mind a priori that they do not represent dominant sets, A.2 is used. The results
are the ones presented in the last row of Table A.15: with respect to this new
indicator, the more e�cient algorithms are the first two. They can guaranty that,
in average, 70.75% and 66.84% of the non singletons dominant sets retrieved from
the algorithms 1 and 2 respectfully are in fact dominant sets.

e�ectiveness = Total number of real dominant sets identified
Number of dominant sets retrieved (A.1)
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e�ectivenessNS = Total number of real dominant sets identified
Number of dominant sets retrieved with cardinality greater than 1

(A.2)

A.2.3 Results with 2 ú |V | iterations

Seeing that the majority of dominant sets with cardinality 2 were not identified
by any of the 4 experiments tested (see Table A.15), the algorithms were tested
with 2 ú |V | iterations, assuming that the number of dominant sets to be found
are 2 ú |V | (again, the real number of dominant sets to be found did not determine
the iterations due to the fact that in the real data-set this value is unknown), but
having in mind that the sets retrieved from the algorithms can be singletons (which
does not fit with the definition of a dominant set ) or simply wrong attempts.

The distribution of the density and the number of nodes of the networks sim-
ulated can be seen in Figure A.4.

In this case, again the algorithms starting at completely random points (Ex-
periments 1 and 4) perform better when it came to find the largest dominant set
D since they were able to find it in 98 and 97 out of the 100 simulated networks.
The algorithm presented in Experiment 3 has also an outstanding performance: it
was able to identify 95 out of the 100 dominant sets D corresponding to the 100
networks simulated. Even if the algorithm starting exactly at barycenter did not
perform as good as these two firsts, it has acceptable results finding D in the 72%
of the networks.

Besides, with respect to the identification of the dominant sets with cardinality
2, again very low percentages are obtained but they are slightly larger than the
ones shown in Table A.15 and show the same pattern: the algorithms starting
at random points perform better. Thus, it might happen that if the number
of iterations increase, more real dominant sets can be found. Nevertheless this
obviously implies a computational cost.

E�ectiveness was again computed as the mean of A.1, calculated for the re-
sults of every algorithm in every network and, as in Table A.15, the first and the
fourth algorithm are the best performance in average. The percentages have the
following interpretation: in average, if a group of dominant sets is retrieved from
each algorithm, is is possible to claim that in fact 30.85 and 32.57% of them are
in fact dominant sets respectively.

Nevertheless, seen that the singletons are not dominant sets, they can be ex-
cluded and just the sets with cardinality greater than 1 can be taken into account.
Having this in mind, the mean of the e�ectiveness is the one reported in the last
row of Table A.16 computed as the average of the value of A.2 obtained for every
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network, where it is clear that a big proportion of dominant sets are singletons
for all the algorithms, given the fact that the mean of the e�ectiveness percentage
significantly increases. Now the 2 more e�ective algorithms are the first 2. Hence,
if a set of dominant sets is retrieved from each of them, it is possible to claim that,
in average, 67.71 and 61.06% of the non singleton dominant sets identified by the
algorithms are in fact dominant sets. With respect to the same indicator computed
for the 4 algorithms using just |V | iterations (see Table A.15), the performance of
all the algorithms with 2 ú |V | decreased.

(a) (b)

Figure A.4: Distribution of the density and the number of nodes of the second
group of 100 simulated networks with the process described in Subsection A.2

Criteria Experiment 1 Experiment 2 Experiment 3 Experiment 4
Accuracy
finding the
dominant
set D

98% 97% 95% 72%

Mean of
proportion
of dominant
sets found

2.27% 3.12 % 1.79 % 0.06%

E�ectiveness 30.85% 21.39% 24.21% 32.57%
E�ectiveness
excluding
singletons

67.71% 61.06% 51.13% 47.68%

Table A.16: Performance of the Experiments described in Subsection A.2.1 in 100
simulated networks with the process described in Subsection A.2 but iterating
every algorithm 2 ú |V | times
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A.2.4 Remarks

• A high accuracy, from the Experiments 1, 2 and 3 was reached when it came
to find the largest dominant set D when the algorithms were iterated |V |
and 2 ú |V | times. The results were better in the last case.

• A low proportion of the set of dominant sets with cardinality 2 was detected
by the tested algorithms. Nevertheless the one described in Experiment 2 in
Section A.2.1 performed slightly better than the others when the algorithms
were iterated |V | and 2ú |V | times and all of them reached a higher accuracy
in the last case.

• All the algorithms identify a significant amount of dominant sets with cardi-
nality 1, which according to the definition of a dominant set in directed and
unweighted graphs correspond to erroneous results.

• The algorithms presented in Experiments 1 and 2 have the best and a very
similar performance in most of the indicators presented in Tables A.15 and
A.16, being higher the one corresponding to Experiment 1. Since the com-
putational cost of the Experiment 2 is higher due to the increase in the
dimension of the adjacency matrix in every iteration, it might be possible to
select Experiment 1 instead of 2. Nevertheless the main interest is to find the
maximum number of dominant sets of a graph no matter their cardinality,
thus the second algorithm could be a suitable choice for this purpose since it
is able to identify a higher proportion of dominant sets (even if this implies
lower confidence in the results according to the two e�ectiveness indicators
(1) and (2)).

• For all the algorithms the e�ectiveness computed with (1) and (2) decreased
when the number of iterations increased from |V | to 2 ú |V |.
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Appendix B

This appendix shows the reordered adjacency matrix for the Pairwise Granger-
cause dataset for 03/11/2008 and 23/03/2009 according to the dominant sets re-
trieved from the 11 variations of the Replicator dynamics introduced in Section
2.5 (the remaining variation’s results were shown in Section 4.2.1).

(a) Overlapping cluster-
ing Experiment 1-No sin-
gletons

(b) Overlapping clustering-
Experiment 1-Transposed
adjacency matrix- No sin-
gletons

(c) Overlapping clustering-
Experiment 1- Singletons

(d) Overlapping clustering-
Experiment 1-Transposed
adjacency matrix- Single-
tons

(e) Overlapping clustering-
Experiment 2-No Single-
tons

(f) Overlapping clustering-
Experiment 2- Singletons
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(g) Overlapping clustering-
Experiment 2- Transposed
adjacency matrix-No Sin-
gletons

(h) Overlapping clustering-
Experiment 2- Trans-
posed adjacency matrix-
Singletons

(i) Non-overlapping
clustering- No Singletons

(j) Non-overlapping
clustering- Singletons

(k) Non-overlapping
clustering- Transposed
adjacency matrix-No
Singletons

Figure B.0: Reordered adjacency matrix corresponding to the Pairwise Granger-
causality network of 03/11/2008, according to the strategy presented in Section 2.6
and the variations of the replicator dynamics algorithm for the adjacency matrix.
A black box in row i, column j indicates that asset i Granger-causes asset j
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(a) Overlapping cluster-
ing Experiment 1-No sin-
gletons

(b) Overlapping clustering-
Experiment 1-Transposed
adjacency matrix- No sin-
gletons

(c) Overlapping clustering-
Experiment 1- Singletons

(d) Overlapping clustering-
Experiment 1-Transposed
adjacency matrix- Single-
tons

(e) Overlapping clustering-
Experiment 2-No Single-
tons

(f) Overlapping clustering-
Experiment 2- Singletons

(g) Overlapping clustering-
Experiment 2- Transposed
adjacency matrix-No Sin-
gletons

(h) Overlapping clustering-
Experiment 2- Trans-
posed adjacency matrix-
Singletons

(i) Non-overlapping
clustering- No Singletons

(j) Non-overlapping
clustering- Singletons

(k) Non-overlapping
clustering- Transposed
adjacency matrix-No
Singletons

Figure B.1: Reordered adjacency matrix corresponding to the Pairwise Granger-
causality network of 23/03/2009, according to the strategy presented in Section 2.6
and the variations of the replicator dynamics algorithm for the adjacency matrix.
A black box in row i, columnj indicates that asset i Granger-causes asset j
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