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A B S T R AC T

Random walks have been used extensively to characterise the structures of complex
graphs. Quantum walks are the analogue of classical random walks and have been
recently used to study and develop quantum algorithms: unlike the classical case,
where the evolution of the walk is governed by a stochastic matrix, in the quantum
case the evolution is governed by a complex unitary matrix. Therefore quantum
walks are non-ergodic and do not possess a limiting distribution. Recent approaches
based on quantum walks have shown to achieve good results characterizing struc-
tures, since they avoid the over smoothing properties of their classical counterparts.
In quantum mechanics, decoherence represents the emergence of classical proper-

ties due to the interaction of the quantum system with the surrounding environment.
In this work we provide an overview of Quantum Computation and we study

the effects of decoherence on Continuous-Time Quantum Walks to build a novel
structural signature, the Decoherent Walk Signature, for characterising the nodes of
a graph.
Our approach merges the wave-like transport of quantum walks with the diffusion

process of classical walks, thus bringing the best of both worlds. The signature has
been tested on both synthetic and real world graphs, exhibiting strong advantages
over classical walks and marginal ones with respect to quantum walks.
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1 B AC KG R O U N D

1.1 introduction

In this work we will provide an overview of Quantum Computation and we will
study the effects of decoherence on Continuous-Time Quantum Walks to build a
novel structural signature, the Decoherent Walk Signature, that merges the wave-
like transport of quantum walks with the diffusion process of classical walks for
characterising the nodes of a graph.
The document is organized as follows: first, in this chapter, we will introduce

the concept of Feature Descriptor. Then we will give an overview on two of he
main concepts that will be used in the thesis: the Hilbert spaces and the Laplace-
Beltrami operator (and its discrete version, the graph Laplacian). Then we will
briefly introduce the classical random walks.
Chapter 2, instead, is dedicated to Quantum Mechanics and Quantum Compu-

tation. In particular, we will give an overview on the main concepts that are used
in Quantum Computation, we will introduce the quantum states and the quantum
operators, giving an example of a very famous experiment, known as Young’s exper-
iment, that explains the concepts of quantum entanglement and quantum coherence.
Then we will give a brief overview over quantum random walks, both in the discrete
and continue settings.
In Chapter 3 we will describe the state of the art, focusing on two approaches that

we are going to extend thanks to the structural signature described in Chapter 4.
Finally, in Chapter 5 we will present the results obtained applying our approach

in both synthetic and real word graphs.

1.2 feature descriptors

The definition of a feature descriptor for characterizing points on a three dimensional
shape, or in general on a graph, is a crucial task in many fields, such as 3D shape
analysis, object recognition (an important example that falls into this category is
face recognition), shape matching, shape segmentation and shape retrieval, cluster-
ing, robotics, 3D object databases, surface alignment, medical image analysis and
molecular biology.
The goal is to associate to points (or nodes) a feature vector defined in a single

or multi-dimensional feature space, which ideally contains all local and global infor-
mation about the points that are relevant for the specific field of application. This
data is usually computed for all of the nodes (or at least for the most significant
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2 background

ones) and collected in a vector that is called structural signature1 that is then made
available for higher-level tasks.
It is of fundamental importance to choose what properties a signature has to

capture. Some of the properties that the feature descriptor should fulfil, depending
on the application, are:

Invariance The signature should be invariant (or at least insensitive) to
transformations: isometric2 and congruent3 objects should have the same
(or at least similar) signature. The signature should be independent from
the object size, moreover the signature of a scaled object should be the
same of the one of the original object.

Robustness Similar object should have similar signatures, moreover the
signature should depend continuously from deformations of the object such
as node insertion, node deletion and noise addition.

Discriminativity Although similar objects should have similar signa-
tures, the resulting descriptor should be distinguishable.

Completeness Ideally, the signature should represent the object uniquely.

Efficiency The signature should be retrieved in a reasonable time.

Compression The signature should not be redundant, i.e. a part of it
could not be computed starting from the rest of the data. Moreover the
signature should be concise, still remaining informative.

Generality The signature should be independent from the application in
which it will be used, moreover it would be desired its independence from
of the representation of the object.

Intuitiveness It would be desired that the signature had a geometrical
or physical interpretation.

Of course, in general it is necessary to find a trade-off between those properties,
focusing on the ones that are fundamental for the specific task in which the signature
will be used.

1.3 hilbert spaces

An Hilbert space is a generalization of the Euclidean space. Given a surface S, we
denote as X the space of real-valued functions defined on the surface. The function

1 Structural signatures are also referred as fingerprints.
2 A mapping on a surface S into another surface S̃ is said to be isometric if the length of any arc on
S̃ is the same of its inverse image on S. In other words, two objects are isometric if there exist an
homeomorphism from one to the other (called isometry) that preserves geodesic distances.

3 Two objects are congruent if it is possible to transform them into each other by rigid motions or
reflections.
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space X is said to be complete4 with respect to a norm if a sequence of functions
f1, f2, . . . such that:

lim
n,m→∞

‖fn − fm‖ = 0 (1.1)

converge to X. In the case of the norm being defined as:

‖f‖ =
√
〈f , f〉 (1.2)

where 〈·, ·〉 denotes the inner product5, the function space is called Hilbert space.
Hilbert spaces are usually denoted by H.
One of the properties of Hilbert spaces is the possibility of defining function bases

and project onto these bases using inner product: then using a basis ϕi a function
f will be defined as:

f =
∑
i

αiϕi (1.3)

if ‖ϕi‖ = 1 ∀i, the basis is said to be orthonormal and hence 〈ϕi,ϕj〉 = 0 ∀i 6= j.
Given the function f , then, it is possible to retrieve the coordinates αi by projecting
f onto the basis, formally αi = 〈f ,ϕi〉.

1.4 the laplace-beltrami operator

In this section will be remarked some useful concepts related to spectral graph
theory that will be used in the thesis. First is presented the Graph Laplacian, then
its continuous version is described. For a more detailed view on this topic one can
refer to [Chung, 1997].

1.4.1 Discrete setting: Graph Laplacian

The Graph Laplacian (also known as Laplacian matrix or discrete Laplacian) of
a given graph G = (V ,E) is defined as the matrix L = D − A, where A is the
adjacency matrix of the graph G and D is the diagonal matrix whose diagonal
elements are the sum of the elements in the corresponding row of the adjacency

4 A complete vector space is also called a Banach space.
5 The inner product, also known as dot product, between vectors x and y is defined as:

〈x, y〉 =
∑

i

xiyi

A possible definition of an inner product among two functions f1 and f2 on a surface S is given by:

〈f1, f2〉 =
∫

S

f1(x)f2(x)dx
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matrix (formally, the elements du of the matrix D are defined as du =
∑
v∈V A(u, v)).

This results in a matrix whose elements are:

L(i, j) = `i,j =


−wi,j if (i, j) ∈ E
di if i = j

0 otherwise.
(1.4)

where the coefficients wi,j are weights associated to the edges (i, j) ∈ E and di =∑
k 6=iwi,k.
The Normalized Laplacian, denoted by L, is instead defined as:

L(i, j) = ˜̀
i,j = D−

1
2LD−

1
2 =


− 1√

didj
if (i, j) ∈ E

1 if i = j and di 6= 0
0 otherwise.

(1.5)

The first eigenvector of the the Graph Laplacian is the vector (1, 1, . . . , 1)T , and
its associated eigenvalue is equal to 0. The second eigenvector is the so called Fiedler
vector, and can be used to partition a graph or as permutation vector for numerical
computations. Its associated eigenvalue represents the algebraic connectivity of the
graph, and it is greater than zero if and only if the graph is connected. The number of
eigenvalues equal to zero corresponds indeed to the number of connected components
of the graph. The algebraic connectivity is dependent on the number of vertices, as
well as the way in which vertices are connected, moreover it decreases with the
number of vertices, and increases with the average degree.
The Fiedler vector can be also seen as a 1-dimensional embedding of G on a line,

formally it can be seen as the solution of the following constrained minimization
problem:

minimize:
u

uTLu

subject to:
∑
i

ui = 0 and
∑
i

u2 = 1. (1.6)

Since the Graph Laplacian, by construction, is a symmetric matrix, its eigenvec-
tors are orthogonal and so they can be used as a vector basis.

1.4.2 Continuous setting: Laplace-Beltrami

The Laplace-Beltrami operator (also referred as LBO) is the generalization of the
Laplace operator to a manifold Ω, and it is defined as the divergence of the gradient
of the scalar function f : Ω→ R:

∆f = div(grad(f)) (1.7)

also written:

∆f = ∇(∇f) (1.8)
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Commonly, in computer vision, it is defined as the negative of the divergence of the
gradient of the scalar field. Its spectral components can be computed by solving the
Helmholtz equation: ∆f = −λf , where λ represents the eigenvalues. In particular,
given the equation:

∆fφ = λφ (1.9)

the scalar λ, represents the eigenvalue, while the vector φ is called a eigenvector or
eigenfunction. Note that in the case of the Laplace-Beltrami operator (equivalently
to the case of the discrete Laplacian), the eigenvalue λ = 0 is always a solution, and
the corresponding eigenvector represents a constant function.
Since the Laplace-Beltrami operator is a positive self-joint operator, its eigen-

decomposition give non-negative eigenvalues λ. Moreover, if we assume that the
domain is compact, his spectrum is discrete (0 < λ1 < λ2 < . . . ). Generally this is
not the case, and the eigenvalues consists in a sequence 0 ≤ λ1 ≤ λ2 ≤ . . . . The
number of times an eigenvalues is repeated is called the multiplicity of the eigenvalue.
The LBO is Hermitian6, so the eigenfunctions corresponding to its different eigen-

values are orthogonal, thus the eigenfunctions provide a basis for the space of the
functions defined on the manifold Ω.
The spectrum of the Laplace-Beltrami operator only depends on the gradient and

on the divergence, and the gradient and the divergence depend on the Riemannian
structure of the manifold: this implies that the LBO is isometric invariant. More-
over, scaling by a factor a results in scaled eigenvalues by a factor of 1/a2, and so,
by normalizing the eigenvalues, the Laplace-Beltrami operator results to be scale in-
variant. Moreover, it can be proved that its spectrum has a continuous dependence
on deformations. Hence, signatures based on the Laplace-Beltrami operator (or in
its discrete formulation) are likely to possess these properties, that were described
as desirable in Section 1.2.
Unfortunately, the spectrum of the Laplacian is not sufficient to determine all

the features, even if geometrical and topological informations are contained in the
eigenvalues, and there are cases where different objects results in the same spectrum
(in this case they are said to be isospectral).

1.5 random walks

Given a graph G = (V ,E), and being G a connected graph with n nodes and m

edges, a random walk on G (also called drunken walk) is defined as a stochastic
process in which, starting from a node v0, we move at each time t = 0, 1, . . . in one
of the nodes of the neighbourhood of the current node vt with uniform probability
(i.e. the probability of moving in one of the neighbours of vt is equal to 1/d(vt),
where d(x) is the degree of the node x, namely the number of vertex incident to x).
The resulting sequence of nodes composing the walk is a Markov chain. Denoting

6 A linear operator A is said to be Hermitian if for each f , g ∈ H it holds that 〈Af , g〉 = 〈f ,A∗g〉.
Eigenfunctions of Hermitian operators associated to different eigenvalues have real eigenvalues and
are orthogonal.
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as Pt the probability distribution of vt (Px(t) = Pr(vt = x)), we can define the
generator matrix (note the similarity with Eq.(1.4)) of transition probabilities of
the chain as follows:

M(i, j) = mi,j =


1 if i 6= j, (i, j) ∈ E
− 1
d(i) if i = j

0 else.
(1.10)

so:

dPx(t)
dt = −

∑
y

Mx,yPy(t) (1.11)

If G is regular, then the chain is symmetric (the probability of moving from a node
x to a node y is the same than moving from y to x), else for non-regular graphs this
property is replaced by time reversibility: a random walk traveled backward is also
a random walk, and the probability distribution of the backward walk is related to
the one of the walk, in particular for every pair x, y ∈ V , π(x)Mx,y = π(y)My,x.
In general, the probability distributions P (0),P (1), . . . are different, but in the

case that P (1) = P (0) (and consequently P (t) = P (0), ∀t ≥ 0) the walk is said to
be stationary (or steady-state). In particular, the unique stationary distribution for
each graph is:

π(x) =
d(x)

2m (1.12)

It follows that, if G is regular, the uniform distribution on V is stationary.
A continuous-time random walk on a graph G models a Markovian process over

the nodes of the graph, where the transactions are allowed only between nodes that
are connected by an edge.
Denoting as pt ∈ Rn the state of the walk at time t, such that its i-th entry gives

the probability of the walk being at vertex i at time t, then the state vector evolves
according to:

pt = e−Mt pt (1.13)

where M is the generator matrix of the Markovian process.
Classical random walks, both in discrete and continuous version, are often used

to describe diffusion processes, in particular they have been widely studied in many
fields such as informatics, physics, chemistry and economics to explain Markov pro-
cesses observed in those fields.
For a detailed view on classical random walks and their properties, one can refer

to [Lovász, 1993].



2 Q U A N T U M M E C H A N I C S

Quantum mechanics provide a mathematical and conceptual framework for the de-
velopment of physical theories of Quantum Physics. In quantum mechanics, the
standard notion is the so called Dirac notation (also called bra-ket notation). The
fundamental notations are presented in Table 2.1.

Notation Description

z∗ Complex conjugate of z ∈ C. (i+ 1)∗ = (1− i)
|ψ〉 A ket, represents a vector. This notation is used to indicate

the state ψ. Note that ψ is a label that identify a state: any
label can be used, but usually states are labeled by ψ and
ϕ.

〈ψ| A bra, represents the conjugate transpose of the correspond-
ing ket |ψ〉.

〈ϕ|ψ〉 Inner product between vectors |ϕ〉 and |ψ〉.
|ϕ〉 ⊗ |ψ〉 Tensor product between vectors |ϕ〉 and |ψ〉 can also be writ-

ten with the abbreviate notations |ϕ〉|ψ〉, |ϕ,ψ〉 and |ϕψ〉.
A∗ Complex conjugate of the matrix A:[

a b

c d

]∗
=

[
a∗ b∗

c∗ d∗

]

AT Transpose of the matrix A:[
a b

c d

]T
=

[
a c

b d

]

A† Hermitian conjugate (or adjoint) of the matrix A:[
a b

c d

]†
=

[
a∗ c∗

b∗ d∗

]

Corresponds to A† = (AT )∗.
〈ϕ|A|ψ〉 Inner product between |ϕ〉 and A|ψ〉, equivalently inner

product between A†|ϕ〉 and |ψ〉.
Table 2.1: Summary of the most important notations in quantum mechanics. This notation

is known as Dirac notation or bra-ket notation

7



8 quantum mechanics

2.1 quantum systems and quantum states

Considering a finite Hilbert space H with an orthonormal1 set of basis states |s〉, s ∈
Ω, the states can be interpreted as the possible classical states of the system de-
scribed by the Hilbert space.
The state of the system |ψ〉 is an unit vector in H which completely describes the

state space of the system and can be written as:

|ψ〉 =
∑
s∈Ω

αs|s〉 (2.1)

where αs is the amplitude2, and α ∈ C, |ψ〉 ∈ C|Ω|.
The simplest quantum mechanical system is the qubit, which has a two dimensional

state space. An orthonormal set of basis states for the state space can be defined
by the states3 |0〉 and |1〉, then a state vector for this system can be written as:

|ψ〉 = a|0〉+ b|1〉 (2.2)

where a, b ∈ C. The condition 〈ψ|ψ〉 = 1 (i.e.: the state vector is an unit vector),
sometimes called normalization condition, is therefore equivalent to |a|2 + |b|2 = 1.
The main difference that one can notice between bits and qubits is in the fact that

for qubits can hold a superposition of the states |0〉 and |1〉 of the form a|0〉+ b|1〉.
In general any linear combination

∑
i αi|ψi〉 is a superposition for the state |ψ〉 of

states |ψi〉 with amplitude αi. So for example the state

|0〉 − |1〉√
2

(2.3)

is a superposition of the two basic states with amplitude 1/
√

2 for state |0〉 and
−1/
√

2 for state |1〉.
The two main operations on a quantum system are evolution and measurement,

and will be discussed in the next two subsections.

2.1.1 Evolution of a Quantum System

The evolution in time of a closed quantum system is described by unitary transfor-
mations, that is, the state of the system |ψ〉 at time ti is related to the state of the
system |ψ′〉 at time ti+1 by an unitary operator U (UU † = I) which is dependent
only on times t and ti+1:

|ψ′〉 = U |ψ〉 (2.4)

1 A set |i〉 of vectors with index i is orthonormal if each vector is a unit vector (i.e.: it has unitary
norm), and distinct vectors in this set are orthogonal (i.e.: 〈i|j〉 = δij).

2 The amplitude αs for a quantum state |s〉 is a complex number whose modulus squared represents
a probability or a probability density, where αsα

∗
s ∈ [0, 1] and in a closed system

∑
s αsα

∗
s = 1.

3 Intuitively, those states corresponds to the values 0 and 1 that a bit can take, this is the motivation
behind the name ”qubit”.
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Unitary transformations preserve norms, can be diagonalized with an orthonormal
set of eigenvectors and the corresponding eigenvalues are of absolute value 1.
Quantum mechanics does not define what the state space of a particular quantum

system is, nor it defines which operators U describes real world quantum dynamics,
but it assures that the evolution of any closed quantum system can be described in
a way similar to the one in Eq.(2.4). Note that in the case of qubits, any unitary
operator can be realized in realistic systems. Note also that is required that the
system being described is not interacting with other systems: this is not the case
in real world, since all the systems are interacting with other systems (for example
with the surrounding environment), but it is also true that in principle every open
system can be described as part of a larger closed system (the Universe) which is
undergoing unitary evolution.
We can describe the evolution of quantum systems in the continuous time. The

time evolution of the state |ψ〉 of a closed quantum system is described by the
Schrödinger equation:

i}d|ψ〉dt = H|ψ〉 (2.5)

where H is a Hermitian operator known as the Hamiltonian4 and } is the reduced
Planck’s constant5. If we know the Hamiltonian of a system, then in principle we
can understand the complete dynamic of such system. As it is clear, in general the
task to define the better Hamiltonian to describe the evolution of a quantum system
is very difficult and has to be addressed by physical theories.
Recall the spectral decomposition theorem:

Theorem 1 (Spectral Decomposition). Any normal operator A (AA† = A†A) on a
vector space V is diagonal with respect to some orthonormal basis for V . Conversely,
any diagonalizable operator is normal.
In other words, A can be written as:

A =
∑
i

λi|i〉〈i|

where λi are the eigenvalues of A, |i〉 is an orthonormal basis for V , and each |i〉 is
an eigenvector of A with eigenvalue λi.
It is also possible to write A in terms of projectors:

A =
∑
i

λiPi

4 In Quantum Mechanics, the Hamiltonian is the operator that describes the total energy of the
system. It is related to the time-evolution of the system, since is spectrum represents the set of
possible outcomes when the total energy is measured.

5 The Planck’s constant h is a physical constant representing the quantum of action that express the
relationship between energy and frequency, known as the Planck–Einstein relation, E = hν, where E
is the energy and ν is the frequency of its associated electromagnetic wave. The normalized version
} = h/2π of the Planck’s constant, called the reduced Planck’s constant, represents the quantization
of the angular momentum. The value of this constant has to be determined experimentally. It is
a common practice, while dealing with the Schrödinger equation, to absorb this constant into the
Hamiltonian H thus setting } = 1.
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where λi are the eigenvalues of A and Pi is the projector onto the λi eigenspace of
A.

Since the Hamiltonian is ah Hermitian operator, it has a spectral decomposition
of the form:

H =
∑
E

E|E〉〈E| (2.6)

where E are the eigenvalues and |E〉 the corresponding eigenvectors. We refer to the
states |E〉 as energy states for the system, while we refer to E as the energy for the
state |E〉. The lowest energy (i.e.: the smallest eigenvalue) is often called the ground
state energy for the system, and the corresponding eigenstate is called ground state.

The states |E〉 are often called stationary states because their only change in time
is to acquire an overall numerical factor:

|E〉 → exp
(−iEt

}

)
|E〉 (2.7)

The connection between Eq.(2.5) and Eq.(2.4) holds in the fact that if we define:

U (ti, ti+1) ≡ exp
(−iH(t1, ti+1)

}

)
(2.8)

then:

|ψ(ti+1)〉 = exp
(−iH(t1, ti+1)

}

)
|ψ(ti)〉 = U (ti, ti+1)|ψ(ti)〉 (2.9)

and it can be proved that the operator U(ti, ti+1) is unitary and furthermore any
unitary operator U can be realized in the form U = exp(iK) for some Hermitian
operator K. Hence there is a one-to-one correspondence between the discrete-time
description of dynamics using unitary operators and continuous time description of
dynamics using Hamiltonians.

2.1.2 Quantum measurement

Quantum measurements are described as a collection {Mm} of measurement oper-
ators acting on the state space of the quantum system being measured, where m
indicates a possible outcome for the system.
Immediately before a measurement, if the system is on the state |ψ〉, the proba-

bility that the m occurs is equal to:

Pr(m) = 〈ψ|M †mMm|ψ〉 (2.10)

and after the measurement the state become:

|ψ′〉 = Mm|ψ〉√
〈ψ|M †mMm|ψ〉

(2.11)
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Note that if the states |ψi〉 are not orthonormal, it is not possible to distinguish
them.
Measurement operators satisfies the so called completeness equation, that states:∑

m

M †mMm = I (2.12)

A direct implication of the completeness equations is that the probabilities of the
measurements sum to one, as if the following equation is satisfied for all |ψ〉 it is
equivalent to the completeness equation:∑

m

Pr(m) =
∑
m

〈ψ|M †mMm|ψ〉 = 1 (2.13)

Coming back to the example of the qubits and defining the two measurement
operators as M0 = |0〉〈0| and M1 = |1〉〈1|, we can note that since the two operators
are Hermitian and M2

0 =M0, M2
1 =M1, the completeness equation is obeyed since

M0 +M1 =M †0M0 +M †1M1 = I.
Supposing that the state |ψ〉 = a|0〉+ b|1〉 is being measured, the probability to

obtain the outcome 0 after a measurement is then:

Pr(0) = 〈ψ|M †0M0|ψ〉 = 〈ψ|M0|ψ〉 = |a|2 (2.14)

while the probability to obtain the outcome 1 after a measurement is:

Pr(1) = 〈ψ|M †1M1|ψ〉 = 〈ψ|M1|ψ〉 = |b|2 (2.15)

Hence the state after the measurement is:

|ψ′〉 =


M0|ψ〉
|a| = a

|a| |0〉 = |0〉 if we obtain 0 as outcome,
M1|ψ〉
|b| = b

|b| |1〉 = |1〉 if we obtain 1 as outcome.
(2.16)

Note that the multipliers like a/|a| have been omitted, the reason holds in the
fact that from an observational point of view, the states |0〉, |1〉 are the same as
(a/|a|)|0〉, (b/|b|)|1〉. In fact, in general we say that the state eiθ|ψ〉, where |ψ〉 is
a state vector and θ is a real number, is equal to the state |ψ〉 upto a global phase
factor eiθ. The statistics of measurements for these two states are identical, as for
an outcome m the probabilities are:

〈ψ| e−iθM †mMm eiθ|ψ〉 = 〈ψ|M †mMm|ψ〉 (2.17)

Hence, we can ignore global phase factor. This is not the case when each of the
amplitudes of two states in some basis is related to a phase factor, in this case we
say two states differ by a relative phase, and the measurements statistics for these
two states are different, so it is not possible to refer to those states as equivalent.
There are two special cases of the measurement operation that are very important

in literature: projective measurements, also known as Von Neumann measurements,
and positive operator-valued measurements, which are referred with the acronym
POVM.
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A projective measurement is described by an Hermitian operator M , the observ-
able, which spectral decomposition is:

M =
∑
m

mPm (2.18)

where Pm is the projector onto the eigenspace of the operator with eigenvalue m.
The possible outcomes corresponds to the eigenvalues m of the observable. Being
at the state |ψ〉, the probability of measuring m is then Pr(m) = 〈ψ|M |ψ〉, and
the state after the measurement of m is |ψ′〉 = (Pm|ψ〉)/

√
Pr(m). For projective

measurements it is easy to calculate the expected value:

〈M〉 ≡ E[M ] =
∑
m

mPr(m) = 〈ψ|M |ψ〉 (2.19)

From this follows the formulation of standard deviation associated to M :

σM =
√
〈M2〉 − 〈M〉2 (2.20)

Given two observables A and B, and setting up a large number of quantum systems
in identical states |ψ〉 and then performing measurements of A on some of those
systems and of B in others, then:

σAσB ≥
|〈ψ|[A,B]|ψ〉|

2 (2.21)

This is called the Heisenberg uncertainty principle6.
For some applications the state of the system is of poor interest, while it is more

interesting to study the probabilities of the measurement outcomes. This is for
example the case of an experiment where the system is measured only after the
conclusion of the experiment. In such cases the POVM measurements are widely
used. Suppose to define:

Em ≡M †mMm (2.22)

Em is a positive operator,
∑
mEm = I and Pr(m) = 〈ψ|Em|ψ〉. The complete

set of operators {Em} (called POVM) is sufficient to determine the probabilities of
different measurement outcomes.

2.1.3 Composite states

Having two systems A and B defined in the Hilbert spaces HA and HB , where the
basis states for the two systems are respectively |ψ〉 and |ϕ〉, then the joint system
is described by HA ⊗HB, and its base state is |ψ〉 ⊗ |ϕ〉. This indicates that the

6 Often the uncertainty principle is formulated as:

∆x∆px ≥
}
2

Refer to [Auletta et al., 2009] for a characterization of this principle.
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set of basis states of the combined systems is spanned by al possible configurations
of the two classical systems. More generally, the space of a composite physical
system is the tensor product of the state space of the physical systems composing it
(|ψ1〉 ⊗ |ψ2〉 ⊗ · · · ⊗ |ψn〉).

Composite states enable to define one of the most important and striking con-
cepts of quantum mechanics: the concept of quantum entanglement. An entangled
state is a state of a composite system whose subsystems are not probabilistically
independent. In other words, a state of a composite system is entangled if it can not
be written as a product of states of its components. Formally, two systems A and
B are said to be entangled if their total state |ψ〉AB cannot be written in a factor-
ized form as |ψ〉A ⊗ |ψ〉B for any basis. Note that this concept is different from the
one of quantum superposition of states, which says that if for a system there exists
two states |x〉 and |y〉 then also α|x〉+ β|y〉 (where |α|2 + |β|2 = 1) is a state for
the system. Entanglement implies superposition, but a superposition state is not
necessarily entangled.

2.2 mixed states and density matrices

Up to this point, we have referred as states using vectors. The more general for-
mulation involves the so called density matrix, that is mathematically equivalent to
the concept of state vector, but is a much more powerful tool. The density matrix
are generally used for describing quantum systems whose state is not known, or to
describe subsystems of a composite quantum system. This second application is out
of the scope of this thesis and will not be presented in this document, one can refer
to [Nielsen and Chuang, 2011] for a more exhaustive view.
Given an ensemble of pure states7 |ψi〉, each associate with a probability pi, that

is denoted by {pi, |ψi〉}, we define the density operator for this system by the density
matrix:

ρ ≡
∑
i

pi|ψi〉〈ψi| (2.23)

Then, when the system is in a pure state |ψ〉, its density operator is simply:

ρ = |ψ〉〈ψ| (2.24)

Note that different ensembles of quantum states may result in the same density
matrix.
A simple criterion to determine whether a system is in a pure or in a mixed state

is to check if the trace8 of the square of its density matrix is equal to one (in this
case the system is in a pure state) or if it is less than one (in this case the system is
in a mixed state).

7 A quantum system whose state |ψ〉 is known exactly is said to be in a pure state, otherwise it is
said to be in a mixed state, or equivalently it is said to be in a mixture of pure states.

8 The trace of a matrix A is defined as the sum of its diagonal elements: tr(A) =
∑

i Aii. The trace
is cyclic (tr(AB) = tr(BA)), linear (tr(A+B) = tr(A) + tr(B), tr(zA) = z tr(A)) and invariant
under the unitary similarity transformation, since tr(UAU†) = tr(UU†A) = tr(A).



14 quantum mechanics

Density operators are characterized by the following theorem (for the proof one
can refer to [Nielsen and Chuang, 2011]:

Theorem 2 (Characterization of density operators). Given an ensemble of states
|ψi〉 each associated with a probability pi (denoted by {pi, |ψi〉}), an operator ρ is a
density operator if and only if:

• tr(ρ) = 1

• ρ is a positive operator.

Similarly to vector states, if the system is initially in the state ψi with probability
pi and evolves according to an unitary operator U , then after the evolution the
system will be in the state U |ψi〉. The new density matrix after the evolution will
be:

ρ′ =
∑
i

piU |ψi〉〈ψi|U † = UρU † (2.25)

Supposing that the system is in an initial state |ψi〉, and supposing to perform a
measurement described by the operator Mm, then the probability of obtaining the
outcome m is:

Pr(m|i) = 〈ψi|M †mMm|ψi〉 = tr(M †mMm|ψi〉〈ψi|) (2.26)

The last equality holds because for an arbitrary operator A given a unit vector |ψ〉,
it holds that tr(A|ψ〉〈ψ|) = 〈ψ|A|ψ〉. Thus, the probability of getting the outcome
m is:

Pr(m) =
∑
i

Pr(m|i)pi

=
∑
i

pi tr(M †mMm|ψi〉〈ψi|)

= tr(M †mMm

∑
i

pi|ψi〉〈ψi|)

= tr(M †mMmρ)

(2.27)

It is easy to show that the density operator after obtaining m as outcome is:

ρ′ =
∑
i

pi
Mm|ψi〉〈ψi|M †m
tr(M †mMmρ)

=
MmρM

†
m

tr(M †mMmρ)
(2.28)

We can also reformulate the concept of composite state considering a set of systems
each defined with a density matrix ρi: the state space of the composite system is
the tensor product of the state space of its components, and then the state of the
composite system is ρ1 ⊗ ρ2 ⊗ · · · ⊗ ρn.



2.3 examples of quantum computation 15

2.3 examples of quantum computation

In the following will be presented an examples of quantum computation and appli-
cation of quantum operators: the Young’s experiment.
The original version of this experiment was performed at the beginning of the

nineteenth century by the physicist Thomas Young to proof that the light behave
as waves. The experiment consists in placing a light source, with a panel in front of
it. Imagine to open two slits in this plane, named S1 and S2, and to place behind
the panel a detector that captures the incoming light.
First, we want to study what happens when only a slit is open: the situation is

presented in Figure 2.1, where we opened S1 and left S2 closed and in Figure 2.2,
where we opened the slite S2 and left closed S2 .

Figure 2.1: The Young’s experiment: only slit S1 opened.

Figure 2.2: The Young’s experiment: only slit S2 opened.

As we can see in Figure 2.1 and Figure 2.2, the pattern of the light detected follows
a probability distribution expected by discrete particles.
If, instead, we open both the slits, the resulting pattern follows a typical interfer-

ence pattern obtained with waves, and not the sum of the patterns for the two slits,
as we can see in Figure 2.3. Moreover, when both slits are open, light do not appear
in great quantity in areas where previously did, and a large quantity of light arrives
in areas where previously did not.
After this experiment Thomas Young concluded that light behave like wave.
A natural question that arises is what happens if we use a coherent light source

(like a laser), ”shooting” one photon at time. The set up of this experiment is similar
to the classical Young experiment, but this time we want to discretize the detector
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Figure 2.3: The Young’s experiment: two slits open. Interference patterns typical of wave
behaviour appears on the detector.

and we want to build an histogram representing the probability distribution of a
photon to hit the i-th slot of the detector.
The first two experiments, produces similar distributions as the ones of the original

Young’s experiment, as we can see in Figure 2.4 and Figure 2.5.

Figure 2.4: The Young’s experiment: a single photon is shoot. Only S1 open.

Figure 2.5: The Young’s experiment: a single photon is shoot. Only S2 open.

The surprisingly result is that also in the case of the two slits open the resulting
probability distribution obtained shooting one photon at time is the same that we
obtained in the original Young’s experiment, as we can see in Figure 2.6. This,
indeed, means that photons interfere with themselves.
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Figure 2.6: The young experiment: two slits open. The photon interfere with itself.

Let us perform another experiment: we put a spin in the first slit, in order to check
whether the photon passed in the upper slit or in the lower slit. The puzzling result
is that doing so the interference phenomena disappear, as we can see in Figure 2.7,
and the probability distribution obtained is equal to the sum of the two probability
distributions obtained in the experiments presented in Figures 2.4 and 2.5.

S

Figure 2.7: The young experiment: adding the spin (the system is thus entangled with the
spin) the interference pattern disappeared.

The interpretation of this experiment is that light is neither particle nor wave, and,
in general, experiments can demonstrate particle (photon) or wave properties, but
not both at the same time. This concept is also referred as Bohr’s Complementarity
Principle.

Thanks to quantum mechanics we can formally describe this experiment and ex-
plain why the interference disappear. Let us first formalize the situation in absence
of the spin (Figure 2.6).
We can use the states |u〉 and |v〉, where |u〉 describes the system when the photon

passes in the upper slit and then arrives in the i-th slot of the detector:

|u〉 =
∑
i

ui|i〉 (2.29)

and |d〉 describes the system when the photon passes in the lower slit and arrives in
the i-th slot:

|d〉 =
∑
i

di|i〉 (2.30)
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Hence, the state of the system can be written as:

|ψ〉 = α|u〉+ β|d〉

=
∑
i

(αui + βdi)|i〉 (2.31)

The probability that the photon reaches the slot i is then:

Pr(i) = |Piψ|2 = 〈ψ|Pi|ψ〉 (2.32)

Let us project this state on i using the position operator Pi = |i〉〈i|. This results in:

Pr(i) = 〈ψ||i〉〈i||ψ〉

=

∑
j

(α∗u∗j + β∗d∗j )〈j|

 |i〉〈i|(∑
k

(αuk + βdk)|k〉
)

= (α∗u∗i + β∗d∗i )(αui + βui)

= α∗αu∗iui + β∗βd∗i di + α∗βu∗i di + αβ∗uid
∗
i

(2.33)

Now consider the example in Figure 2.7: we need to add to our system the spin,
which can be in the state |↑〉, if the particle has not passed in the upper slit, or in
the state |↓〉, if the particle has passed in the upper slit, activating the spin. The
states, hence, are:

|u, ↓〉 =
∑
i

ui|ui, ↓〉 (2.34)

where |u, ↓〉 describes the system when the photon passes in the upper slit activating
the spin and then arrives in the i-th slot of the detector. Conversely, |d, ↑〉 describes
the system when the photon passes in the lower slit (not activating the spin) and
then arrives in the i-th slot of the detector:

|d, ↑〉 =
∑
i

di|di, ↑〉 (2.35)

Hence the initial state is no more separable, since it is entangled with the state of
the spin:

|ψ〉 = α|u, ↓〉+ β|d, ↑〉

=
∑
i

(αui|i, ↓〉+ βdi|i, ↑〉) (2.36)

We define the projectors as:

Pi = |i, ↑〉〈i, ↑|+ |i, ↓〉〈i, ↓| (2.37)

Then the probability that the photon reaches the slot i is:
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Pr(i) = 〈ψ||i〉〈i||ψ〉

=

∑
j

(α∗u∗j 〈j, ↓|+ β∗d∗j 〈j, ↑|)

Pi
(∑

k

(αuk|k, ↓〉+ βdk|k, ↑〉)
)

= (α∗u∗i 〈i, ↓|+ β∗d∗i 〈i, ↑|)(|i, ↑〉〈i, ↑|+ |i, ↓〉〈i, ↓|)(αui|i, ↓〉+ βdi|i, ↑〉)
= α∗αu∗iui + β∗βd∗i di

(2.38)

Note that the term α∗βu∗i di + αβ∗uid
∗
i , that describes the interference of the

photon with himself, is no more present.
This explains formally the double slit experiment: the interference disappears

because the state of the particle is entangled with the spin. Every time we perform a
measurement that let us known the state of the system, we destroy the superposition
of states in the system and hence the interference disappears.

2.4 quantum random walks

The term Quantum Random Walk was coined by [Y. Aharonov et al., 1993] illus-
trating the behaviour of a particle on a line, whose possible position is described by
a wave packet |ψx0〉 localized around a position x0.
Similar to Classical Random Walks, a Quantum Random Walk is defined as a

dynamical process over the vertices of a graph. However, instead of being character-
ized by a real vector that describes its evolution, the Quantum Walk is characterized
by a complex-value amplitude vector, with no restrictions on sign or phase. This
allows different path of the walks to interfere with each other, in constructive or de-
structive ways. Furthermore, the evolution Classical Random Walks is governed, as
we explained in Chapter 1, by a stochastic matrix, while in the case of the Quantum
Random Walk this matrix is replaced by a complex unitary matrix. This makes
the Quantum Walk reversible, and its reversibility implies that the Quantum Walk
is non-ergodic and do not posses a limiting distribution. This lack of convergence
makes the Quantum Walks harder to study than Classical Random Walks.
Starting from the idea of quantum random walks, [Farhi and Gutmann, 1998]

provided an algorithm that used quantum random walks to move through decision
trees. Thanks to the framework provided by this work, many other approaches to
Quantum RandomWalks have been proposed. In particular, two models of Quantum
Walks have been proposed: the discrete model and the continuous model. In the
next subsections these approaches will be reviewed.

2.4.1 Quantum Random Walks for Decision Trees

As well illustrated in [Farhi and Gutmann, 1998], any computational problem can
be solved by reformulating it in terms of decision trees, then usually a random walk
is run on this tree, starting from the root and checking whether the tree contains or
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not a node x at a distance of n levels from the root. A graphical example of such a
tree is presented in Figure 2.8.

Level 0 (root)

Level 1

Level 2

Level n

Figure 2.8: An example of decision tree: at level m there are 2m nodes.

Usually, some of the nodes are eliminated because of the constraints imposed by
the problem that is expressed by the decision tree. In this case, also the branch
starting from that node is eliminated. An example of a decision tree in which some
nodes have been removed due to the constraints imposed by the problem is presented
in Figure 2.9.

Level 0 (root)

Level 1

Level 2

Level n

Figure 2.9: An example of decision tree in which some branches have been removed because
of the constraints imposed by the problem: at level m there are now at most
2m nodes.

The idea introduced by [Farhi and Gutmann, 1998] is to build a correspondence
between nodes and quantum states, thus obtaining a basis for the Hilbert space. An
HamiltonianH with non-zero off-diagonal elements only where states (corresponding
to nodes) are connected in the tree is constructed, then the system is started in
correspondence of the root of the tree, then the system evolves according to:

U(t) = e−iHt (2.39)

At any time t we can express the pure state as a superposition of basis states, then
giving the initial state is possible to determine the probability of the system to be
at the nth level.
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Being γ the fixed and time-independent probability to move to a connected node,
they defined the Hamiltonian as:

〈y|H|x〉 =


γd(x) if x = y

−γ if x 6= y, x ∼ y
0 if x 6= y, x � y.

(2.40)

Note that this definition is almost identical to the definition of the generator matrix
in Eq.(1.10), since the nodes in a binary decision tree can be connected at most to
3 nodes (the father and two children).

Being py,x(t) the classical probability to go from node x to node y in time t, as
[Farhi and Gutmann, 1998] shown, similarly to Eq.(1.11) for py,x(t) holds that:

d
dtpy,x(t) = −

∑
z

〈y|H|x〉pz,x(t) (2.41)

The solution of the above differential equation is (one can note the similarity with
Eq.(1.13)):

py,x(t) = 〈y| e−Ht|x〉 (2.42)

Then, using the same Hamiltonian, they proposed to let the system quantum
mechanically evolve through the tree. They show that, being:

αy,x(t) = 〈y| e−iHt|x〉 (2.43)

the quantum amplitude to be found at y after a time t and starting from x, the
probability is given by |αy,x(t)|2, with

∑
y |αy,x(t)|2 = 1 as a consequence of the

fact that H by definition is Hermitian9.
[Farhi and Gutmann, 1998] defined the family of three that are penetrable as the

family of three for it is true that in a polynomial time the probability of reaching the
nth level is at worst polynomially small, and shown that any family of tree that are
classically penetrable then they are quantum penetrable, furthermore they shown
that there exists family of threes that are not classically penetrable but are quantum
penetrable.

2.4.2 Discrete-Time Quantum Random Walks

The most studied model of Quantum Walk is the Discrete-Time Quantum Walk-
which is also referred as coined walk, because a quantum coin is used to describe the
dynamic of the walk, in order to make it unitary. The quantum walk is started to an
initial node, and then the qubit coin is tossed, in order to choose in which direction
it has to evolve.
Hence, a single step of the walk can be described by:

|ψt+1〉 = SC|ψt〉 (2.44)

9 An Hermitian matrix is a complex square matrix whose is equal to its conjugate transpose, formally:
A = A†.
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where S and C are two unitary operators describing the step and the coin toss. We
can expand |ψt〉 as a superposition of basis states:

|ψt〉 =
∑
s,c
αs,c(t)|s, c〉 (2.45)

After T steps the state of the walk is defined by:

|ψT 〉 = (SC)T |ψ0〉 (2.46)

For a simple walk on an infinite line, the step operator S is defined by:

S|s, c〉 = |x+ c, c〉 (2.47)

while C, the operator describing the coin toss, in principle could be any unitary
operator on the space of one qubit. It has been shown that all the proposed coins
are equivalent up to a bias and take the form:

C =

( √
η

√
1− η√

1− η −√η

)
(2.48)

where η is the probability of moving in positive direction, and (1− η) the probability
of moving in negative direction. If we set η = 1/2 (i.e.: unbiased coin) we obtain
the so called Hadamard operator :

C(H) =
1√
2

(
1 1
1 −1

)
(2.49)

Setting η = 0 in Eq.(2.48) give oscillatory motion, while setting η = 1 gives an
uniform motion. For higher dimension problem one has to choose the two unitary
operators S and C.
An example of quantum walk on a line have been presented by [Andrew M. Childs

et al., 2002], while the full characterization of the probabilistic properties of discrete
time quantum walk have been provided by [D. Aharonov et al., 2001].
Many results have been achieved thanks to the use of discrete time quantum walks:

for example [Kempe, 2002] show that the hitting time of coined walks on a n-bit
hypercube for one corner to the opposite is polynomial in n, while [Mackay et al.,
2002] compared the classical and quantum spreading as a function of time. One can
refer to [Kempe, 2003] for a review on coined quantum walks.

2.4.3 Continuous-Time Quantum Random Walks

The quantum analogue of the continuous-time random walk presented in Chapter 1
is the continuous-time quantum walk, and is defined as a dynamical process over the
vertices of a graph G = (V ,E).

In the case of Continuous-Time Quantum Walks, the classical state vector is
replaced by a vector of complex amplitudes over the vertices, such that their square
norm sums to one. The lack of restriction on the phase and on the sign allows
interference effects to take place.
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The evolution of the walk is governed by the Schrödinger equation (Eq.(2.5)),
which can be rewritten as:

∂

∂t
|ψt〉 = −iH|ψt〉 (2.50)

where H denotes the time-independent Hamiltonian of the system. Given an initial
state |ψ0〉 we can solve Eq.(2.50) to find the state vector at time t:

|ψt〉 = e−iHt|ψ0〉 (2.51)

Usually, the Laplacian matrix is chosen as Hamiltonian for the system: indeed, it
describes the case of a particle moving in empty space with zero potential energy.
However it is possible to choose any other Hermitian operator encoding the structure
of the graph as Hamiltonian for the system, such as the Adjacency matrix.
Again, we stress the fact that, since the evolution of the vector described by

Equations (2.50) and (2.51) is governed by a complex unitary matrix, the evolution of
the walk is non-ergodic and do not possess a limiting distribution. As a consequence,
the evolution of the Classical Continuous Walk and the evolution of the Continuous-
time Quantum Walk differs significantly.
Finally, one can note that (thanks to Thm. 1), we can write the Hamiltonian as
H = ΦΛΦ†, where Λ denotes a diagonal matrix whose diagonal elements are the
eigenvalues of the Hamiltonian, and Φ the corresponding eigenvectors. Hence we
can rewrite Eq.(2.51) as:

|ψt〉 = Φ e−iΛt Φ†|ψ0〉 (2.52)

Continuous time quantum walks have become an interesting field of research in
the recent years: [Ahmadi et al., 2003] studied continuous time quantum walks in an
N -cycle, [Moore and Russell, 2002] studied two continuous-time quantum walks on
a n-dimensional hypercube, [Andrew M Childs et al., 2003] show an example of an
algorithm based on continuous-time quantum walks in which it is possible to obtain
an exponential speed-up with respect to the classical counterpart.
[Strauch, 2006] pointed out the relation between discrete-time quantum walks and

continuous-time quantum walks on a infinite line.
In recent works, [Rossi, Torsello, Edwin R. Hancock, and Wilson, 2013], [Torsello,

Gasparetto, et al., 2014] and [Rossi, Torsello, and Edwin R. Hancock, 2015] pro-
posed a quantum algorithm to measure the similarity between a pair of unattributed
graphs, based on the Quantum Jensen-Shannon Divergence ([Majtey et al., 2005])
through the evolution of continuous-time quantum walks on these graphs.

2.4.4 Decoherence

When designing an experiment one has to consider the lose of coherence due to
interaction of the system with the surrounding environment, but this by itself does
not make decoherence interesting. The important property of quantum decoherence
that qualifies it as an interesting subject holds in the fact that it plays a fundamental
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role in the transition from a Quantum system to a Classical one. Quantum walks
are an example of systems in which decoherence can be studied and used to improve
their algorithmic properties: instead of considering only pure quantum dynamics, we
can include non-unitary operations, simulating the effect of Decoherence. Indeed,
the crucial difference between classical walks and quantum walks stands is in the
quantum coherence, i.e. the interferences due to the superposition of quantum
states. Hence, a transition from quantum to classical has to ”kill” those interferences.
As seen in this Chapter, the easiest way to destroy the coherence is to perform a
measurement: indeed if at each step we measure the position of the quantum walker
(or the coin register, in the case of coined walks) on the graph, we obtain a classical
walk.

A first idea, provided by [Kendon and Tregenna, 2003] and [Brun et al., 2003b],
is to measure the position (or the coin) only with some probability p at each step:
when p = 0 it corresponds to the quantum case, when p = 1 it corresponds to the
classical one. Another option, provided by [Brun et al., 2003c] and [Brun et al.,
2003a], is to achieve decoherence by defining a new coin at each iteration: doing so
the coins do not interfere with themselves, thus obtaining the classical behaviour.
[Alagic and Russell, 2005] studied a decoherence of coined random walks on an
hypercube, observing that, for high decoherence rates, the Quantum Zeno effect10

appears. [Fedichkin et al., 2006], instead, showed that decoherence can be useful in
continuous time quantum walks on finite cycles.
For an excellent review on decoherent quantum walks, in which are formalized

the concepts presented in this section, one can refer to [Kendon, 2007]. In Chap-
ter 4, however, we will formalize the concept of Continuous-time quantum walk with
decoherence.

10 The Quantum Zeno effect describes the inhibition, due to too frequent measurements, of the tran-
sition between quantum states, that causes the wave function to collapse. In particular, if the time
between those measurements is short enough, the wave function collapses to its initial state. See
[Itano et al., 1990] for more details.
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As stated in Chapter 1, the definition of a structural signature is a crucial task in
many application. Lot of work have been done in the years to provide structural
node signatures to discriminate points in 2D images and, successively, in meshes
representing 3D objects.
The first descriptors were based simply on the invariance of under global Euclidean

transformation, trying to maximize shape similarities while aligning the objects: ex-
amples of these approaches are [Johnson and Hebert, 1999] and [Belongie et al., 2002].
Other approaches used quaternions1 to transform the problem in a four-dimensional
minimum eigenvalue problem (e.g.: [Faugeras and Hebert, 1983]), other approaches
were based on least-square techniques (see for example [Lavallée and Szeliski, 1995]).
All these approaches were designed to handle only rigid transformations.

Other less rigid approaches techniques were instead based on statistical-geometrical
properties, comparing discrete histograms of geometric measures. The most influ-
encing work that falls in this category is [Horn, 1984], while a recent one is [Tombari
et al., 2010]. A variation of this concept was proposed by [Osada et al., 2001], in
which they evaluated the Probability Distribution Function of a given measure (such
as Euclidean distance) on two random points, measuring then the similarity of the
resulting statistical signatures to compare different objects.
The Euclidean-transformation approaches were then extended focusing no more

on Euclidean distance, but on the concept of geodesic distance2, like for example
the one proposed by [Elad and Kimmel, 2003], however such descriptors suffer from
sensibility to topological and geometrical noise. Unfortunately, real application are
strongly affected by such noises, so those descriptors result to be of poor use.
Thanks to the work of [Coifman and Lafon, 2006], the study of the so called

diffusion geometry became popular: it focuses on the properties of the spectrum of
the Laplace-Beltrami operator. The so called diffusion distances obtained by the
Laplace-Beltrami operator, have been proved to be more robust compared to the
previous approaches, and this encouraged to attempt to construct descriptors based
on diffusion distance. Earlier contributions in this sense are represented for example
by the Global Point Signatures, introduced by [Rustamov, 2007], and the Shape
DNA, introduced by [Reuter et al., 2006].

1 Quaternions are an extension of the complex numbers with 3 imaginary bases i, j and k. They
can be defined as a four dimensional vector space over the real numbers. Thus a quaternion is a
number that takes the form q = a+ ix+ jy+ kz. A quaternion has three operation: addition, scalar
multiplication, and quaternion multiplication. For a detailed characterization of the properties of
quaternions and their usage in Computer Vision one can refer to [Torsello, Rodolà, et al., 2011].

2 The geodesic distance between two nodes of a graph, is defined as the number of edges composing
the shortest path among them. For more information on the distance, refer to [Bouttier et al.,
2003].
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The two more used and influencing results (the Heat Kernel Signature and the Wave
Kernel Signature) are themselves related to the analysis of the spectrum of the
Laplace-Beltrami operator, and will be presented in this chapter.
Other approaches are instead based on machine learning, for example [A. M. Bron-

stein, 2011] and [Litman and A. M. Bronstein, 2014].
The feature descriptors that is going to be introduced by this thesis is related to

the spectrum of the Laplace-Beltrami Operator, and provide a Quantum Mechanical
approach based of building a Decoherent Quantum Random Walk on the graph.

3.1 the heat kernel signature

The Heat Kernel Signature, introduced by [Sun et al., 2009], is a node signature
defined by restricting the heat kernel (which is associated with the Laplace-Beltrami
operator) to the temporal domain.
The heat equation can be written as:

∂

∂t
u(x, t) = ∆u(x, t) (3.1)

where ∆ is the Laplace-Beltrami operator and u(x, t) indicates the diffusion of heat
at time t at point x. Assuming some initial (time t = 0) heat distribution u0(t), we
can apply to the initial distribution the heat operator:

u(t,x) =
∫
ht(x, y)u0(t)dy (3.2)

The minimum function ht(x, y) that satisfies Eq.(3.2) is called the heat kernel and
corresponds to the amount of heat transferring from x to y after a time t is passed
giving a unit heat source at x. We can also see the heat kernel as the transition
probability density from x to y by a random walk of length t.
We can express the heat kernel as follows:

ht(x, y) =
∑
k≥1

e−λkt φk(x)φk(y) (3.3)

where λi and φi are respectively the i-th eigenvalue and the i-th eigenvector of the
Laplace-Beltrami operator. We can see the heat kernel as a low-pass filter and
interpret exp(−λkt) as the frequency response of the heat kernel: the bigger is the
time parameter t, the lower is the cut-off frequency of the filter and consequently
the bigger is the support of ht.
The Auto Diffusion Function [Gebal et al., 2009], defined as:

ht(x,x) =
∑
k≥1

e−λkt φk(x)
2 (3.4)

instead represents the quantity of heat that after a time t remains at x.
The heat kernel provides a characterization of the neighbourhood of a given point

x, however it would be hard to get for each point x a signature defined by the family
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of functions parametrized on time {ht(x, ·)}t>0, so [Sun et al., 2009] defined the Heat
Kernel Signature for a point x as a vector whose components are the values of the
Auto Diffusion Function sampled at a finite set of times t1, . . . , tn:

HKS(x) =


ht1(x,x)

...
htn(x,x)

 (3.5)

The resulting multi-scale invariant descriptor is stable under perturbations and can
be estimated efficiently, as it is concise but still informative. Finally, [Gebal et al.,
2009] defined the distance between two Heat Kernel signatures of two points x and
x′ on a Manifold Ω at the scale specified by the time interval [t1, t2] as:

d[t1,t2](x,x′) =

∫ t2

t1

(
|ht(x,x)− ht(x′,x′)|∫

Ω ht(x,x)dx

)2

d log(t)

 1
2

(3.6)

In practice, this distance is computed by sampling the Heat Kernel Signature uni-
formly over the logarithmic scaled temporal domain obtaining two vectors represent-
ing the signatures for the two points, then the integral in Eq.(3.6) is estimated by
computing the `2-norm3 of the difference between the two vectors.
As [Aubry et al., 2011] and [A. M. Bronstein, 2011] pointed out, being the Heat

Kernel Signature a collection of low-pass filters, it is dominated by low frequencies
and so it describes well only informations about the global structure, damaging the
ability of the descriptor of precisely localize features. In particular, the distance
from the kernel computed on a point x to his neighbourhood increases slowly, and
this results in bad localization. Finally, the time parameter plays a central role, but
has no straightforward interpretation in the point of view of the shape, and then the
choice of the set of times has to be done heuristically.
A scale-invariant version of this kernel has be introduced by [M. M. Bronstein and

Kokkinos, 2010].

3 The `n-norm for a vector x of length m is defined as:

‖x‖n = n

√√√√ m∑
k=1

|xk|n

In particular, the `2-norm is defined as:

‖x‖2 = ‖x‖ =

√√√√ n∑
k=1

|xk|2

and it also called the Euclidean norm. The term Euclidean norm may cause confusion as it is also
used to indicate the Frobenius norm, which is a matrix norm and is defined as:

‖A‖F =

√√√√ m∑
i=1

n∑
j=1
|aij |2 =

√
tr(A†A)
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3.2 the wave kernel signature

The Wave Kernel Signature, introduced by [Aubry et al., 2011], is a spectral de-
scriptor derived from the Laplace Beltrami Operator used for characterizing points
on non-rigid three-dimensional shapes and represents the probability of a quantum
particle with a certain energy distribution to be located at a specific location. This
approach remedies to the problem of the Heat Kernel Signature related to its poor
feature localization reducing the influence of low frequencies and allowing better
separation of frequencies band scale, as it can be view as a band-pass filter.
The evolution of a quantum particle x on a surface is governed by its wave function

ψ(x, t), which is a solution of the Schrödinger equation described in Eq.(2.5):

∂

∂t
ψ(x, t) = i∆ψ(x, t) (3.7)

where ∆ is the Laplace-Beltrami operator.
Note that, even if Eq.(3.7) looks similar to Eq.(3.1), ψ represents no more the

diffusion and has an oscillatory behaviour due to the multiplication of the complex
unit by ∆.
Assume that a quantum particle, whose position is unknown, at time t = 0 has a

energy distribution f(e) = f(λ)4. Then we can express the wave function as:

ψE(x, t) =
∞∑
0

eiλkt φk(x)fE(λk) (3.8)

Then, the probability to measure at time t the particle at point x is given by
|ψE(x, t)|2. The Wave Kernel signature of a point x given an energy probability
distribution f2

E is defined as:

WKS(E,x) = lim
T→∞

1
T

∫ T

0
|ψE(x, t)|2

=
∞∑
k=0

φk(x)
2fE(λk)

2
(3.9)

Note that, integrating over time, the time parameter has been replaced by energy
that we expressed by the eigenvalues of the Laplace-Beltrami operator: this gives a
natural notion of scale, as was shown in Section 1.4.2.
We now need to define an appropriate energy function f2

E . In the original pa-
per [Aubry et al., 2011], after a perturbation analysis of the Laplacian spectrum,
considered a family of log-normal distributed random variables:

fe(λ) ∝ exp(− (log(e)− log(λ))2

σ2 ) (3.10)

Once we have fixed this family of energy distributions, we can define the Wave
Kernel Signature for the point x as the vector of the probabilities pe(x) to measuring

4 Energy is strongly related with frequency, so we use f(λ) in place of f(e), where λ are the eigenvalues
of the Laplace-Beltrami operator.
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a quantum particle with an initial energy distribution sampled in the logarithmic
scale fe(λ) at x:

WKS(x, e) =


pe1(x)

...
pen(x)

 (3.11)

To compare twoWave Kernel signatures for two different points x and x′, is defined
a distance based on the `1-norm of the normalized signature difference:

d(x,x′) =
∫ emax

emin

∣∣∣∣WKS(x, e)−WKS(x′, e)
WKS(x, e) +WKS(x′, e)

∣∣∣∣ de (3.12)

This signature is considered the state of the art in the field of structural node
signatures.





4 D E C O H E R E N T WA L K S I G N AT U R E

Similartly to the Schrödinger equation, the Liouville-Von Neumann equation de-
scribes how a density operator evolves in time:

dρ(t)
dt = −i[H, ρ(t)] (4.1)

where H is a time independent Hamiltonian for the system, [a, b] ≡ ab − ba, is
the commutator and ρ(t) = |ψt〉〈ψt| is the density operator associated with the
continuous-time quantum walk at time t, which in the case of a mixed state takes
the form

∑
t pt|ψt〉〈ψt|.

We let the Hamiltonian H be the graph Laplacian (Eq.(1.4)).
Let L be the Liouville super-operator which acts on ρ, than the previous equation

can be rewritten in terms of L as:

d
dtρ(t) = Lρ(t) (4.2)

We can compute the density matrix at time t starting from a initial density matrix
ρ(0) as follows:

ρ(t) = eLt ρ(0) (4.3)

As shown in Chapter 2, in quantum mechanics decoherence is the irreversible
process that describes the emergency of classical properties on the quantum system,
due to the interaction with the surrounding environment. In other words, it describes
the transition of quantum density matrices to classical probability distributions. It
is usually modelled as a non-unitary evolution of the quantum walk.
We can simulate the effects of decoherence by reducing some or all of the off-

diagonal elements of ρ. Formally, we can rewrite Eq.(4.1) as:

dρ(t)
dt = −i[L, ρ]− pρ+ pPρ (4.4)

where p is the is the rate with which we add decoherence in the walk and P is an
operator which represents the effect of noise on ρ.
A solution of Eq.(4.4) can be found by rewriting it in terms of the Liouville super-

operator L = (−iA + pB), which yields:

d
dt vec(ρ(t)) = L vec(ρ(t))

= (−iA + pB) vec(ρ(t))
(4.5)
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Where A = I ⊗L−L⊗ I1 and B is a diagonal matrix having Bxx = 0 if vec(ρ(x))
corresponds to a diagonal element of ρ, formally:

B =
∑
i

p†i ⊗ pi − I (4.6)

Having defined the superoperator and the two composing matrices A and B, we
can rewrite Eq.(4.3) as follows:

vec(ρ(t)) = eLt vec(ρ(0)) = e(−iA+pB)t vec(ρ(0)) (4.7)

4.1 the signature

In our setting, rather than determining the density matrix at a specific time t, we are
interested in studying how decoherence rate influences the dynamic of the system
on different energy levels.
We started defining the initial density matrix in a way that it depends to an

energy level, formally:

ρ(E, 0) = ΨE(0)ΨE(0)† (4.8)

where:

ΨE(0) =
∑
λ

eiλt φλfE(λ)

=
∑
λ

φλfE(λ)

= φ†fE

(4.9)

As [Aubry et al., 2011] did in their approach, we defined the energy function fE in
the logarithmic energy scale as follows:

f2
E(x) =

1
x
√

2πσ2
exp

(
− (log(x)− log(E))2

2σ2

)

fE(x) =
1

4√
x22πσ2

exp
(
− (log(x)− log(E))2

4σ2

) (4.10)

1 The symbol ⊗ here denotes the Kronecker product. It is a generalization of the outer product
between vectors and matrices and results in the matrix of the tensor product with respect to a
standard choice of basis. Suppose to have to matrices A and B, of sizes respectively m× n and
p× q, then A⊗B gives a mp× nq matrix:

A⊗B =


a11B a12B . . . a1nB

a21B a22B . . . a2nB
...

...
...

...
am1B am2B . . . amnB


︸ ︷︷ ︸

nq

mp



4.1 the signature 33

We did not considered the multiplicative term, hence we chosen the following family
of energy functions:

fE(λ) ∝ exp
(
− (log(E)− log(λ))2

4σ2

)
(4.11)

Note that this is not the only possible choice of fE , we decided to use this function
to stay as close as possible to the approach provided by the Wave Kernel Signature.
Hence Eq.(4.9) become:

ΨE(0) =
∑
k

φk exp
(
− (log(E)− log(λk))2

4σ2

)
(4.12)

where λ and φ are respectively the eigenvalues and the eigenvectors of the Laplacian.
Now it is possible to rewrite the initial density matrix which depends on the energy
level E in Eq.(4.8) as follows:

ρ(E, 0) = ΨE(0)Ψ†E(0)

=
∑
n,k

φnφ
†
k exp

(
− (log(E)− log(λh))2 + (log(E)− log(λk))2

4σ2

)
(4.13)

We are interested in integrating the walk, rather than in computing the density
matrix at a specific time. In particular we want to compute:

vec(ρ(E, t)) = 1
T

∫ T

1
vec(ρ(E, t))dt (4.14)

In order to compute the exponentiation of Eq.(4.7), we need the spectral decom-
position of the Liouville superoperator. By construction it is not Hermitian, since
both A and B are symmetric, so we get:

vec(ρ(E, t)) = eLt vec(ρ(E, 0))
= S eDt S−1 vec(ρ(E, 0))

(4.15)

where D and S are respectively the eigenvalues and the corresponding eigenvectors
of the Liouville superoperator L = −iA + pB.
Hence Eq.(4.14) became:

vec(ρ(E, t)) = 1
T

∫ T

1
vec(ρ(E, t))dt

=
1
T

∫ T

1
eLt vec(ρ(E, 0))dt

=
1
T

[
S eDt S−1

]T
0

vec(ρ(E, 0))

=
1
T
S
[
eDt
]T

0
S−1 vec(ρ(E, 0))

=
1
T
SD−1

(
eDT −1

)
S−1 vec(ρ(E, 0))

(4.16)
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where D−1 and exp(DT ) are diagonal matrices, and 1 is the identity matrix.
The diagonal element of ρ(E, t) = [vec(ρ(E, t))](n,n)

2 corresponds to the probabil-
ities of the particle to be measured in the corresponding node after the time t. Hence
we defined the signature of a node x in the energy levels E for fixed decoherence
rate p as follows:

DWSE,p(x) = diag
([ 1

T
SD−1

(
eDT −1

)
S−1 vec(ρ(E, 0))

]
(n,n)

)
(4.17)

The resulting signature can be viewed as a three-dimensional matrix, and to com-
pare the signatures of two nodes x and x′ one can compute the `2-norm of the
vectorization of the corresponding signatures:

d(x,x′) =
√
| vec(DWSE,p(x))− vec(DWSE,p(x′))|2 (4.18)

where E and p represents the vectors of the energy levels and of the decoherence
rates.

2 The notation [x](n,n) indicates the matricization of the array x of size n2 into an n-by-n matrix,
formally:

[x](n,n) = [(x1, . . . ,xn, . . . ,xn2−n+1, . . . ,xn2 )](n,n) =

 x1 . . . xn

...
...

...
xn2−n+1 . . . xn2


︸ ︷︷ ︸

n

n
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In this chapter will be presented the results of the tests performed on the signature
presented in Chapter 4. All the tests have been performed on a Toshiba Satellite
L50-A-1701 running Ubuntu 14.10 64bits. The signatures and the tests that we are
going to introduce have been implemented in Matlab (ver. R2013a)2.
In the case of the WKS and of the HKS, we used the default parameters provided

with the original code.
For the test presented in the following, we simulated the effect of decoherence

treating it as an uniform noise on the off-diagonal elements of the density matrix.
Note that this is the most simple case, different approaches are possible. We also
recall that the energy function that we choose in Eq.(4.11) is not the only possible
one.
We will start studying the behaviour of our signature when applied in a 6× 6

graph, that is represented in Figure 5.1.

1

23

4

5 6

Figure 5.1: A simple 6× 6 connected graph.

Take as example the graph presented in Figure 5.1. For this test we set T = 1000
(see Eq.(4.17)) and we let the decoherence rate vary from 0 to 0.2, with a step of
0.01. The other parameters (the energy levels and the standard deviation of the
log-normal distribution) are computed in the same way that [Aubry et al., 2011] did
for their approach.
The signatures of each node of the graph in Figure 5.1 are presented in Table 5.1.

1 Hardware details can be find on http://goo.gl/WynJwS.
2 The Matlab code of the Heat Kernel Signature can be downloaded on http://goo.gl/F4WmOI, while
the code for the Wave Kernel Signature can be downloaded on http://goo.gl/tlpR4i.
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Node Scaled HKS WKS DKS

1

2

3

4

5

6

Table 5.1: Graphical representation of the signatures of a simple 6× 6 graph. For the WKS,
on the x axis there is the time, while on the y axis there is the response of the
signature, for the HKS and for the DKS on the x axis there is the energy level,
the probability is on the y axis for the WKS and in the z axis for the DWS, while
in the y axis of the DWS there is the decoherence rate.

5.1 decoherence effect

We can graphically show the effect of decoherence in probabilities of quantum parti-
cles to be located in the nodes of the graph in Figure 5.1. In particular, we computed
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such a probability varying the time from 0 to 20, at two different energy levels and
at three different rates of energies, that is at rate 0 (no decoherence), at rate 0.1 and
at rate 0.2.

The resulting plot is presented in Table 5.2.

Rate E1 E2

0

0.1

0.2

Table 5.2: Effects of decoherence: the probability for a quantum particle to be in the nodes
of the graph giving three level of decoherence (no decoherence, 0.1 decoherence
and 0.2 decoherence) on times varying from 0 to 40. The probabilities are com-
puted on two different energy levels E1 and E2.

We can see that when there is no decoherence the probabilities have an oscillatory
behaviour, that when we add decoherence is suppressed more and more in time,
untill the probabilities converges to the uniform distribution, which indeed is the
limit of the classical walk.
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5.2 robustness

The first test that we performed was to generate some connected random graphs of
different density (but not too dense or too sparse) of sizes 10, 15, 20 and 25, and
test how their signatures are robust to edge insertion or deletion.
In particular, for each signature:

• We generated 25 random graphs of size 10, adding or deleting random from 1
to 10 random edges (this test was repeated 10 times for each graph).

• We generated 25 random graphs of size 15, adding or deleting random from 1
to 15 random edges (this test was repeated 15 times for each graph).

• We generated 20 random graphs of size 20, adding or deleting random from 1
to 20 random edges (this test was repeated 20 times for each graph).

• We generated 20 random graphs of size 25, adding or deleting random from 1
to 20 random edges (this test was repeated 20 times for each graph).

We present the results of those tests in Table 5.3.
From Table 5.3 we can say that our signature is at least as robust as the Wave

Kernel Signature on perturbations on the graph such as edge insertion or edge
deletion.

5.3 experiments on real world examples

We finally tested our algorithms on two standard database of graphs: The Shock
dataset ([Torsello and Edwin R Hancock, 2006]) and the MUTAG dataset([Debnath
et al., 1991]) . In particular:

Shock dataset It is composed by graphs from a database of 2D shapes.
Each graph is a medial axis-based representation of the differential struc-
ture of the boundary of the 2D shape. It is composed by 150 graph, divided
in 10 classes each composed by 15 graphs. The bigger graph is composed by
33 vertices, while the smaller one is composed by 4 vertices. The average
number of vertices for the graphs is 13.

MUTAG dataset It is a dataset representing 188 mutagenic aromatic
and heteroaromatic compunds labeled in two classes according to whether
or not they have a magnetic effect on the bacterium Salmonella Typhimurium.
The bigger graph is composed by 28 vertices,while the smaller one has 10
vertices. The average number of vertices for the graphs is 18.

In the following we present the results of our tests. Note that there was no
correspondence between nodes in the graphs composing the dataset, hence we needed
to use the Hungarian algorithm ([Kuhn, 2010]) in order to find the best match among
nodes given the resulting signature, in order to minimize the total distance between
the signatures.
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n Scaled HKS WKS DWS

10

15

20

25

Table 5.3: Robustness of the signatures.

5.3.1 Shock dataset

The results of the tests on the Shock graph dataset are presented in Table 5.4, where
we graphically show the distances between measured signatures. The darker is the
cell the more similar are the measured signatures. Note that this dataset is very
complicated to classify.
The results, for all the signatures, are not so good. But, as we stated, this is hard

to distinguish among different classes of this dataset.

5.3.2 MUTAG dataset

The results of the tests on the MUTAG dataset are presented in Table 5.5, where
we graphically show the distances between measured signatures. The darker is the
cell the more similar are the measured signatures.
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Table 5.4: Similarities between the signatures of the graphs composing the Shock dataset.
The darker is the cell, the higher is the similarity between the two signatures.
The first picture indicates the classes, the second picture indicates the results
for the scaled heat signature, the third picture indicates the results for the Wave
Kernel Signature and the last picture indicates the results for our signature.

Note that in this case the Wave Kernel Signature and our signature found better
the similarities among the classes. The Heat Kernel signature, on the other hand,
provide a poor discrimination of the graphs.
Looking at the presented results we can say that our signature behaves better

than the Heat Kernel Signature, while it behaves very similar to the Wave Kernel
Singature. We stress out that this is due to the fact that, in this initial set-up, the
signature is build to extend the WKS, but still remains similar to it, as the initial
density matrix is strongly related to the Wave Kernel Signature and the decoherence
is added in an uniform way.
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Table 5.5: Similarities between the signatures of the graphs composing the MUTAG dataset.
The darker is the cell, the higher is the similarity between the two signatures.
The first picture indicates the classes, the second picture indicates the results
for the scaled heat signature, the third picture indicates the results for the Wave
Kernel Signature and the last picture indicates the results for our signature.





6 C O N C L U S I O N S

In this work we provided an overview to Quantum Computation, focusing on the
main concepts that we have used to provide our signature: the Decoherent Walk
Signature, a graph node feature descriptor based on a continuous-time random walk
with decoherence.

Our approach merges the wave-like transport of quantum walks, and in particular
of the Wave Kernel Signature, with the diffusion process of classical walks, and in
particular the Heat Kernel Signature.
Tests on both synthetic and real world graphs, have exhibit strong advantages

over the Heat Kernel Signature and marginal ones with respect to the Wave Kernel
Signature.

6.1 future works

In order to improve our signature, first of all we need to decrease its computational
complexity. Indeed, computing the eigenvalues and the eigenvectors of the Liouville
superoperator in Eq.(4.16) become infeasible even with graphs of small size (greater
than 50 nodes), since this operation is cubic with respect to a matrix that has a size
that is quadratic with respect to the original problem. Once this problem will be
fixed, it will be possible to deal with big graphs and to test our approach on meshes
representing 3D objects.
The idea to solve this problem is to perform a perturbation analysis of the eigen-

values and eigenvectors of the components of the superoperator, noting that the
”main” component of the superoperator is a matrix whose eigenvalues are known,
since it is created starting from the Laplace-Beltrami operator.
Moreover, as we already stated, the parameters in Eq.(4.11) (as well as the func-

tion itself) where fixed according to the one used as default in the Wave Kernel
Signature. It will be interesting to test the behaviour of the signature with other pa-
rameters and, most importantly, with other energy functions. Another test that can
be useful is to use as initial Hamiltonian in place of the Laplacian another operator
describing the state of the graph, such as the adjacency matrix.
Finally, as we stated in Chapter 4, in this initial setting we defined the decoherence

as an operator that uniformly add the same rate of decoherence on the off-diagonal
elements of the initial density matrix. It would be interesting to set up different
approaches. Decoherence rates and time in which to integrate the dynamics are
other parameters that need further investigation.
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